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1. Introduction

We will be concerned with the following coloring variant known as list
coloring, defined independently by Vizing [47] and by Erdős, Rubin, and
Taylor [22]. A list assignment L on a graph G = (V,E) is a collection of
sets of the form L = {Lv ⊂ N : v ∈ V (G)}, where one thinks of each Lv as
a list of colors available for coloring the vertex v ∈ V (G). A graph G is L-
choosable if there exists a function color : V (G) → N such that color(v) ∈ Lv

for every v ∈ V (G) and color(v) ̸= color(w) whenever vw ∈ E(G). A graph
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G is called k-choosable if it is L-choosable for every k-list assignment L
(i.e., an assignment of lists of size at least k, also called k-lists). The least
integer k for which G is k-choosable is the choice number, or list chromatic
number, of G and is denoted χℓ(G). If χℓ(G) = k, we also say that G is
k-list chromatic. Notice that the usual notion of graph coloring is equivalent
to L-coloring when all the lists assigned by L are identical. This also shows
that χ(G) ≤ χℓ(G) for all graphs G, and in general the inequality can be
strict [22, 47].

1.1. Motivation
1.1.1. k-choosability is computationally hard

It is well-known that computing the chromatic number is an NP-hard
problem [30]. The restricted problem of finding a 4-coloring of a 3-chromatic
graph is also NP-hard [28]. Even the problem of 3-colorability of 4-regular
planar graphs is known to be NP-complete [18].

Naturally, list coloring is also a computationally hard problem, but much
more: for instance, it is well-known [26] that the problem of deciding whether
a given planar graph is 4-choosable is NP-hard—even if the 4-lists are all
chosen from {1, 2, 3, 4, 5} [17]—and so is deciding whether a given planar
triangle-free graph is 3-choosable [26]. But, contrast the latter with the
fact that every planar triangle-free graph is 3-colorable by Grötzsch’s the-
orem [25], and that a 3-coloring can be found in linear time [20]. In other
words, restrictions on graph parameters—such as the girth, as in Grötzsch’s
theorem—that allow for efficient coloring algorithms need to be strengthened
further in order to get list coloring algorithms of a similar flavor.

Note that even proving nontrivial bounds for the choice number is far
tougher than the corresponding problem for the chromatic number. Some
of the notable instances of such bounds being determined include Brooks’s
theorem for choosability [47, 22], Thomassen’s remarkable proof that every
planar graph is 5-choosable [45], and Galvin’s solution to the famous Dinitz
problem [24]. Other interesting examples include the fact that planar bipar-
tite graphs are 3-choosable [5] and that any 4-regular graph decomposable
into a Hamiltonian circuit and vertex-disjoint triangles is 3-choosable [23].
However, there is a fundamental difference between the former and latter
examples, as we elaborate below.
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1.1.2. L-coloring is algorithmically hard
Consider the problem: given a list assignment L on a graph G, can one

efficiently determine whether or not G is L-choosable, and in the case when
G is L-choosable can one also efficiently specify a proper coloring from these
lists? The theorems of Brooks, Thomassen and Galvin mentioned earlier
are some of the few instances where such algorithms are known for a large
class of graphs. In the other examples that we mentioned, the proof uses
the combinatorial nullstellensatz [4], and in particular a powerful application
is found by Alon and Tarsi [5]. Hence, it does not allow one to extract
an efficient algorithmic solution to the problem of L-coloring when the list
assignment L is specified, except in certain special cases. That there is
no known efficient algorithm that produces a 3-list coloring from a given
list assignment in these examples illustrates the difficulty of the problem of
efficiently finding a proper L-coloring even for graphs of small maximum
degree. Even just for planar bipartite graphs, an algorithmic determination
of a list coloring largely remains open [17].

Hence, efficient L-coloring algorithms for large classes of graphs are in-
teresting. We also place our work within the context of recent results on
efficient list coloring algorithms for similar classes of graphs in Section 1.3
below.

1.2. Our work
A natural choice of a large class of graphs for which list colorings have

been studied is the class of graphs that are embeddable on a fixed surface
(see [34] and the references therein). Here, by a surface we mean a compact
connected 2-manifold, and a graph is embeddable in a surface if, informally
speaking, it can be drawn on the surface without any crossing edges (for
further details, see [10]). In this paper, we will be concerned only with
toroidal graphs, that is, graphs that are embeddable on the torus S1, which
is the orientable surface of genus 1.

Let G = (V,E) be a toroidal graph, and let F be the set of its faces in
an embedding into S1. The graphs satisfying degree(v) = d for all v ∈ V and
degree(f) = m for all f ∈ F , for some d,m ≥ 1, have been of interest [6, 7]
especially in the study of vertex-transitive graphs [8, 43]. A simple calculation
using Euler’s formula shows that the only possible values of (d,m) are (3, 6),
(4, 4) and (6, 3). Our focus will be on the graphs of the last kind, namely the
6-regular triangulations on the torus. Since triangulations have the maximum
possible number of edges in any graph with a fixed number of vertices and
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embeddable on a given surface, one might additionally expect this class of
graphs to present a greater obstacle to an efficient solution to the list coloring
problem as compared to the others.

The main result of this paper, Theorem 1, is a linear time algorithm for
5-list coloring a large class of these toroidal 6-regular triangulations. Further-
more, the choice number of any graph in this class is at least 4, so our result
is nearly tight for this class. In fact, in Corollary 2 we find an infinite family
of 5-chromatic-choosable graphs for which a list coloring can be specified in
linear time.

Let T (r, s, t) be a triangulation obtained from an r × s toroidal grid,
r, s ≥ 1 (see Definition 3 for a precise statement):

Theorem 1. Let G be a simple 6-regular toroidal triangulation. Then, G is
5-choosable under any of the following conditions:
(1) G is isomorphic to T (r, s, t) for r ≥ 4;
(2) G is isomorphic to T (1, s, 2) for s ≥ 9, s ̸= 11;
(3) G is isomorphic to T (2, s, t) for s and t both even;
(4) G is 3-chromatic.

Moreover, the 5-list colorings can be given in linear time. Furthermore, none
of these graphs are 3-choosable. Hence, χℓ(G) ∈ {4, 5} if any of the cases (1)
to (4) hold for G.

We note that we have proved case (4) in a previous paper [9], albeit
without any efficient algorithm for 5-choosability.

We are currently unable to comment on the choosability of the excluded
graphs, but we note that they consist only of eight nonisomorphic 5-chromatic
graphs, as well as a subcollection of triangulations of the specific form T (1, s, t)
that are 4-chromatic. For any tuple (r, s, t), there is a simple formula de-
scribing each tuple (r′, s′, t′) such that T (r, s, t) is isomorphic to T (r′, s′, t′)
(see [6, 40]), and there are at most 6 such tuples for any (r, s, t). It is also
not difficult to see that the loopless multigraphs T (r, s, t) are all 5-choosable.
So, in this sense, Theorem 1 covers the 5-choosability of “most” 6-regular
toroidal triangulations. Furthermore, among those graphs covered in Theo-
rem 1, the 5-chromatic ones are precisely those isomorphic to T (1, s, 2) for
s ̸≡ 0 (mod 4). Thus, we have:

Corollary 2. If G is isomorphic to T (1, s, 2) for s ̸≡ 0 (mod 4), s ≥ 9,
s ̸= 11, then G is 5-chromatic-choosable, i.e. χ(G) = χℓ(G) = 5. Moreover,
a 5-list coloring can be found in linear time.
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To the best of our knowledge, the method of proof that we employ is
novel, in that we develop a framework that allows us to systematically com-
pare the lists on vertices that are not too far apart, and that allows us to
compute the list coloring in an efficient manner. By using the differential in-
formation between lists on nearby vertices, we reduce the list configurations
that need to be considered. This kind of “list calculus” differs from other
list coloring algorithms in the literature, which instead reduce the possible
graph configurations by exploiting general structure results on the family
of graphs under consideration (minimum girth, edge-width, etc.), while the
specific lists on the graphs remain nebulous. Our method of proof could
prove fruitful in other areas where a structure theorem—such as Theorem 4
in our case—allows one to shift attention towards the configuration of the
lists themselves. We also emphasize that our linear-time algorithm for 5-list
coloring these graphs is nearly best possible, since any fixed vertex needs to
be “scanned” very few times.

1.3. Related work
1.3.1. Colorability vs. choosability

Note that it follows from Brooks’s theorem for choosability that any 6-
regular toroidal triangulation not isomorphic to K7 is 6-choosable. Albertson
and Hutchinson [2] showed that there is a unique simple graph in this family
that is 6-chromatic, which has 11 vertices, and Thomassen [44] later classified
all the 5-colorable toroidal graphs. But a precise characterization of all the 5-
chromatic 6-regular toroidal triangulations was completed only recently [16,
50, 40]. Our results are the first in this line to attempt to characterize the
list colorability of the 6-regular triangulations on the torus.

1.3.2. Choosability of grids
The problem of determining the choice number of 4-regular toroidal m×n

grids, for m,n ≥ 3, has been raised by Cai, Wang and Zhu [13]. These graphs
are a special case of those satisfying (d,m) = (4, 4). It is easy to show by
induction that these grids are all 3-colorable, and the above authors con-
jecture that they are also 3-choosable. Recent work by Li, Shao, Petrov
and Gordeev [31] has nearly determined the choice number of these grids
as follows: if mn is even, then the choice number is 3, else it is either 3 or
4. Contrasting this with Theorem 1, we note that both nearly determine
the choice number in the sense that the true value of the choice number
is either equal to, or one less than, the computed value for each member
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of the family. However, their result does not a priori give an efficient algo-
rithm for L-coloring the toroidal grids since their proof uses the combinatorial
nullstellensatz, whereas our result actually gives a linear time algorithm for
L-coloring the toroidal triangulations.

1.3.3. Recent algorithmic advances for list colorings of graphs on surfaces
Dvořák and Kawarabayashi [19] have shown that for L-coloring a graphs

embedded on a fixed surface Σ, where L is a 5-list assignment, there exists a
O(|V (G)|O(g(Σ)+1))-time algorithm. Postle and Thomas [38] have proved that
for any surface Σ and every k ∈ {3, 4, 5} there exists a linear time algorithm
for determining whether or not an input graph G embedded in Σ and having
girth at least 8 − k is k-choosable. In particular, when Σ = S1 and k = 5,
this implies that there is a linear time algorithm for determining whether
or not any of the 6-regular triangulations under consideration in this paper
are 5-choosable. This work was later extended by Postle in [37], wherein he
showed that for each fixed surface Σ there exists a linear time algorithm to
find a k-list coloring of a graph G with girth at least 8− k for k ∈ {3, 4, 5}.
Again, when Σ = S1 and k = 5, this says that there is a linear time algorithm
to find a 5-list coloring of a 6-regular triangulation on the torus.

Our results in this paper are stronger than those mentioned above for
the class of 6-regular toroidal triangulations. Firstly, the high degree of the
polynomial time algorithm in [19] makes it impractical to implement, though
the authors suggest that it should likely be possible to reduce the bound
enough to make the algorithm practical at least for planar graphs. Secondly,
the linear time algorithm in [38] is contingent upon an enumeration of the
6-list critical graphs on the torus. Indeed, the authors show that there are
only finitely many 6-list critical graphs on the torus, but a full list of these
graphs is not explicitly known, and their bound on the maximum number
of vertices any 6-list critical graph on the torus can have is far too large
to be amenable to a straightforward enumerative check.2 Also, their linear
time algorithm does not specify an L-coloring in the case when the graph is
L-choosable for a given list assignment L. Thirdly, the linear time algorithm
in [37] first requires a brute-force computation of the list colorings for any

2It is worth contrasting this with the corresponding colorability problem: while
Thomassen [46] has shown that for every fixed surface there are only finitely many 6-
critical graphs that embed on that surface, explicit lists of these 6-critical graphs are
known only for the projective plane [1], the torus [44] and the Klein bottle [14, 27].

7



such list assignment on graphs of “small” order. However, the bound on the
sizes of these small graphs is far too large to be computationally feasible,
which makes the algorithm itself of mostly theoretical interest, as noted in a
recent work by Dvořák and Postle [21].

This is in contrast with the results in this paper, wherein the 5-choosable
graphs identified in Theorem 1 can also be given 5-list colorings in linear time,
unlike as in [38]. Furthermore, the non-3-choosability of the 3-chromatic
graphs T (r, s, t) is not covered by the results in [38] since these graphs have
girth equal to 3, whereas their algorithm for 3-list coloring is applicable only
for graphs having girth at least 5. Lastly, our proof of Theorem 1 supplies
an implementable algorithm for 5-list coloring all the toroidal graphs under
consideration without the need for running a brute-force check on any of
them, in contrast with [37].

Structure of this paper
In Section 2, we setup the necessary preliminary material; in particular,

Lemmas 11 and 12 will be used at several points in the rest of the paper. In
Section 4, we prove a succession of technical lemmas to prepare the proof of
case (1) in Theorem 1. The proof of this case is completed in Section 5. In
Section 6, we prove cases (2) and (3) in Theorem 1. In Section 7, we prove
case (4) in Theorem 1. In Section 8, we analyze the remaining cases not
covered by Theorem 1 and conclude with some conjectures concerning their
choosability.

2. Preliminaries

Altshuler [6, 7] showed that every 6-regular toroidal triangulation G can
be described as a regular triangulation obtained from an r × s toroidal grid
in which the edges between the first and last column are connected by a shift
of t vertices. Concretely:

Definition 3. For integers r ≥ 1, s ≥ 1 and 0 ≤ t ≤ s−1, take V = {(i, j) :
1 ≤ i ≤ r, 1 ≤ j ≤ s} to be the vertex set of the graph T (r, s, t) equipped
with the following edges:

• For each 1 < i < r, (i, j) is adjacent to (i, j±1), (i±1, j) and (i±1, j∓1).

• If r > 1, (1, j) is adjacent to (1, j ± 1), (2, j), (2, j − 1), (r, j + t + 1)
and (r, j + t).
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(1,1)

(1,1)
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(1,4)
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(3,1)

(3,6)

(4,1)

(4,6)

(5,1)

(5,6)

Figure 1: G = T (5, 6, 2); the edges between the top and bottom rows are not shown in
this and all subsequent figures.

• If r > 1, (r, j) is adjacent to (r, j± 1), (r− 1, j+1), (r− 1, j), (1, j− t)
and (1, j − t− 1).

• If r = 1, (1, j) is adjacent to (1, j ± 1), (1, j ± t) and (1, j ± (t+ 1)).

Here, addition in the first coordinate is taken modulo r and in the second
coordinate is taken modulo s. Figure 1 depicts the graph G = T (5, 6, 2);
note that the edges between the top and bottom rows are not shown in this
and all subsequent figures.

We shall use the notation Ci, for 1 ≤ i ≤ r, to denote the induced
subgraph of T (r, s, t) on the ith column of T (r, s, t), that is, on the set of
vertices {(i, j) : 1 ≤ j ≤ s}. Note that each Ci is a cycle of length s when
r > 1.

It is clear that each T (r, s, t) is a 6-regular triangulation of the torus.
Altshuler’s theorem says that these are all the 6-regular triangulations on
the torus up to isomorphism (similar constructions also appear in [35, 43]).

Theorem 4 (Altshuler [7], 1973). Every 6-regular triangulation on the torus
is isomorphic to T (r, s, t) for some integers r ≥ 1, s ≥ 1, and 0 ≤ t < s.

Altshuler also showed [6, 7] that through every vertex v of T (r, s, t) there
are three normal circuits, which are the simple cycles obtained by traversing
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through v along each of the three directions (vertical, horizontal, and diago-
nal) in the natural fashion. These normal circuits have lengths s, n/ gcd(s, t),
and n/ gcd(s, r + t), respectively, where n = rs is the order of T (r, s, t).

By picking a different normal circuit to be represented as the verti-
cal cycle, one can see that there exist integers t1, t2 such that 0 ≤ t1 <
n/ gcd(s, t) and 0 ≤ t2 < n/ gcd(s, r + t) and T (r, s, t) is isomorphic to
T
(
gcd(s, t), n/ gcd(s, t), t1

)
as well as to T

(
gcd(s, r + t), n/ gcd(s, r + t), t2

)
.

Similarly, by swapping the horizontal and diagonal normal circuits, one can
see that T (r, s, t) is isomorphic to T (r, s, t′) where 0 ≤ t′ < s such that
t′ ≡ −r − t (mod s).

The following lemma is useful in simplifying arguments through the use
of symmetry:

Lemma 5. Let r ≥ 1, s ≥ 1 and 0 ≤ t ≤ s − 1. The map (i, j) 7→
(r − i+ 1, s− j + 1) on V

(
T (r, s, t)

)
induces an automorphism of T (r, s, t).

In particular, this automorphism reverses the ordering of the rows (as
well as of the columns).

We will need the following theorem on finding matchings in regular bi-
partite graphs.

Definition 6. A matching in a graph G = (V,E) is a subset M of E such
that no two edges in M have a common vertex. A matching is said to be
perfect if every vertex v ∈ V belongs to some edge in the matching.

Theorem 7 (Cole–Ost–Schirra [15], 2001). Let G = (V,E) be a regular
bipartite graph. Then, a perfect matching M of G can be found in O(|E|)
time.

We make the following definition which will simplify some of the termi-
nology in the proofs that follow.

Definition 8. Let L be a list assignment on a graph G = (V,E). If, in a
partial L-coloring of G, a vertex v ∈ V is colored with c ∈ Lv, then the color
c is no longer available for use on the uncolored neighbors of v. So, the color
c is removed from the lists of the neighbors of v, and we do this for each
vertex colored in this partial L-coloring of G. The new lists on G are also
called the residual lists on G, and we shall say that the list on an uncolored
vertex u reduces by k if the residual list on u is a (|Lu| − k)-list.
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The following well-known lemma, due to Bondy–Bopanna–Siegel [5, Re-
mark 2.4], gives an algorithmic proof of the theorem of Alon and Tarsi [5]
in the case when G is given an orientation containing no odd directed cycle.
For the sake of completeness, we provide a proof of this lemma along the
lines in [49].

Definition 9. Let G be a digraph, and v → w be an edge of G. We also
call w the successor of v, and v the predecessor of w. A kernel of G is an
independent set S such that every v ̸∈ S has a successor in S.

Lemma 10 (Bondy–Bopanna–Siegel [5, Remark 2.4], 1992). Let G = (V,E)
be a simple graph that is given an orientation containing no odd directed cycle.
Suppose L is a list assignment on G such that Lv is an (outdegree(v)+1)-list
for all v ∈ V . Then, G is L-choosable.

Proof. If |V | = 1, then the statement is trivial, so suppose that |V | = n > 1,
and that the lemma is true for all graphs with fewer than n vertices. Let c be
a color that occurs in some list assigned by L. Consider the induced subgraph
H on the set U := {v ∈ V : c ∈ Lv}. Clearly, the induced orientation on H
also does not have any odd directed cycle. Now, Richardson’s theorem [39]
says that any digraph without odd directed cycles has a kernel, so let S be
a kernel in H. Assign the color c to every vertex in S, and now consider
G′ := G−S. Notice that the residual lists have reduced in size by 1 for every
list on U − S, but every vertex in U − S also has a successor in S. Thus, G′

satisfies the induction hypothesis, and we are done.

One can find in the literature [36, 42] proofs of Richardson’s theorem that
output a kernel in polynomial time. However, the graphs that we consider
(cf. Lemmas 11 and 19) have enough structure that they permit straightfor-
ward linear time algorithms for finding a kernel.

For integers r, s ≥ 3, define the cylindrical triangulation C(r, s) to be
the graph obtained from T (r + 1, s, 0) by deleting the column Cr+1. More
formally, let V

(
C(r, s)

)
:= {(i, j) : 1 ≤ i ≤ r, 1 ≤ j ≤ s} and let E

(
C(r, s)

)
contain the following edges:

• For 1 < i < r, let (i, j) be adjacent to (i, j±1), (i±1, j) and (i±1, j∓1).

• Let (1, j) be adjacent to (1, j ± 1), (2, j) and (2, j − 1).

• Let (r, j) be adjacent to (r, j ± 1), (r − 1, j + 1) and (r − 1, j).
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Again, addition in the second coordinate is taken modulo s. Note that every
interior vertex of C(r, s), that is, any vertex (i, j) with 1 < j < r, has degree
6 and every exterior vertex of C(r, s), that is, any vertex (i, j) with j = 1 or
j = r, has degree 4.

By an abuse of notation, we shall use Ci to denote the induced subgraph
on the ith column of C(r, s), too. Note that if we delete any column of the
graph T (r + 1, s, t) for any 0 ≤ t ≤ s− 1, we still get a graph isomorphic to
C(r, s).

We will often need to color paths and cycles in T (r, s, t) and C(r, s), so we
compile well-known results (see [22], for instance) on the colorability of these
graphs in the following lemma. Moreover, from Lemma 10 and the above
comments, we can give linear time algorithms for L-coloring these graphs.

Lemma 11.

1. An even cycle is 2-list chromatic.

2. An odd cycle is not 2-colorable, and hence not 2-choosable. However,
if L is a list assignment of 2-lists on an odd cycle such that not all the
lists are identical, then the cycle is L-choosable.

3. If L is a list assignment on an odd cycle having one 1-list, one 3-list,
and all the rest as 2-lists, then the cycle is L-choosable.

4. If L is a list assignment on a path graph having one 1-list, and all the
rest as 2-lists, then the path is L-choosable.

Moreover, the L-colorings can all be found in linear time.

The following lemma, due to S. Sinha (during an undergraduate research
internship with the first author), is in a similar spirit to Thomassen’s list
coloring of a near-triangulation of the plane [45], and it will be repeatedly
invoked in the proof of case (1) in Theorem 1.

Lemma 12 (Sinha [personal communication], 2014). For r ≥ 3, s ≥ 3, let
G = C(r, s) be a cylindrical triangulation. Suppose that L is a list assignment
on G such that:

1. there exists 1 ≤ j ≤ s such that the exterior vertices (1, j) and (1, j−1)
have lists of size equal to 4;
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2. every other exterior vertex has a list of size equal to 3;

3. every interior vertex has a list of size equal to 5.

Then, G is L-choosable. Moreover, an L-coloring can be found in linear time.

Proof. By Lemma 11, there is a proper coloring of Cr since it is assigned
3-lists under L. Since every vertex of Cr−1 is adjacent to exactly two vertices
of Cr, a proper coloring of Cr reduces the 5-lists on Cr−1 to 3-lists.

Thus, by inductively coloring the columns of C(r, s) from the right, we
may assume without loss of generality that r = 3. We also assume without
loss of generality that the lists of size equal to 4 are on the vertices (1, s− 1)
and (1, s) in the column C1. Now, color (2, s) with c ∈ L(2,s) \ L(1,s), which
exists since C2 has 5-lists. This reduces the sizes of the lists on each of the
neighbors of (2, s) by 1, except for L(1,s), which still has size equal to 4. Now,
C3 has 3-lists on every vertex, except for (3, s) and (3, s − 1), which have
2-lists. So, properly color C3 using Lemma 11. Then, color the remaining
vertices in a zigzag fashion from the bottom row, coloring (1, s) last, in the
following order: (1, 1), (2, 1), (1, 2), (2, 2), . . . , (1, j), (2, j), . . . , (1, s − 2),
(2, s− 2), (2, s− 1), (1, s− 1), (1, s).

A proper coloring can always be found by coloring the vertices in the
above sequence for the following reason. After coloring C3, the list sizes on
the remaining vertices are as follows: (1, s) and (1, s− 1) have 4-lists, (1, 1),
(2, 1) and (2, s− 1) have 2-lists, and all other vertices have 3-lists. So, color
the vertex (1, 1) using a color from its list, and the list sizes then are as
follows: (1, s − 1) has a 4-list, (1, 2) and (2, s − 1) have 2-lists, (2, 1) has a
1-list, and all other vertices have 3-lists. Next, color (2, 1) using a color from
its list, and observe that the next vertex that is to be colored in the sequence
always has at least one color left in its list. The last three vertices left to be
colored are in a 3-cycle, with lists of sizes at least 1, 2 and 3. This cycle is
properly colorable by Lemma 11, so this completes the proof.

It is clear from the proof that this algorithm produces an L-coloring in
linear time. Figure 2 illustrates the sizes of the lists at each step of the above
coloring sequence for the graph G = C(3, 5).

3. Outline of the proof of Theorem 1

Suppose that T (r, s, t) has a 5-list assignment L in which not all the lists
are identical. For case (1), assume that for r ≥ 4 and s ≥ 3. We will use
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Figure 2: Illustration of the sizes of the lists on the vertices at each step for G = C(3, 5).
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Lemma 12 to reduce the number of possibilities for the lists assigned by L,
arriving at four criteria that L must satisfy.

First, we show that if v is a vertex whose list Lv is not contained in the
union of its lists on its two neighbors on an adjacent column, then we can
choose a color for v that is not in the union of the lists of those two neigh-
boring vertices; then we use Lemma 11 to color the entire column containing
v, and notice that Lemma 12 is now applicable. Hence, we arrive at our first
reduction, called criterion (C1).

Next, we focus on a pair of adjacent vertices on the same column that
have distinct lists. Applying Lemmas 11 and 12 as before to this pair and
their neighbors on an adjacent column, we arrive at criterion (C2), illustrated
in Figure 3.

Next, we focus on a pair of adjacent vertices u and v on adjacent columns
that have the same lists. Using criterion (C2) on these vertices, we deduce
that there is a vertex w adjacent to both v and w and having the same list;
we call this criterion (C3).

Lastly, we focus on a face uvw in which the vertices v and w lie on the
same column and have the same lists. Using Lemmas 11 and 12, we deduce
that at least one of the two neighbors of u on the same column of u have a
list identical to Lu; we call this criterion (C4).

What remains is to exploit the structure of 6-regular triangulations given
by Theorem 4 with the rigidity imposed on the list assignment L by crite-
ria (C1) through (C4). Lemma 15 shows that either a vertex has a list that
is different from the lists on any of its neighbors, or the list is shared by a
neighbor in the same column. This essentially gives a complete description
of the list assignment L from only the information of lists assigned on ev-
ery four or five consecutive vertices in any one column: the lists propagate
across columns in any of precisely ten ways, as shown in Figures 5–7. This
completes the preparation for the proof of case (1).

Ideally, one would like to complete the proof with another application of
Lemma 12. However, an induction argument as in the proof of the lemma
does not directly work here, since a naive coloring of the column C1 need not
give a cylindrical triangulation containing two adjacent vertices on C2 that
have lists of size 4. Applying a little more discretion in our choices, we use
the small set of allowed configurations for L to arrive at a two-step coloring
scheme (assume r = 4 without loss of generality):

1. Properly color C1 and a set J of alternate vertices in C3 such that (after
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reducing the lists) C2 has one 4-list and the remaining as 3-lists.

2. Properly color C4, then the remaining vertices in C3, and finally C2.

Assuming step 1 is successfully achieved, we complete step 2 as illustrated in
Figures 8 and 9.

Step 1 crucially uses the reduction into the ten cases illustrated in Fig-
ures 5–7. Indeed, for each of the ten configurations that could appear on the
column C1, we describe an explicit procedure for coloring C1, as well as for
picking out the set J and a coloring for it, so that step 1 is completed. This
is a three stage process, depending on the configuration on C1 and the set J .
This completes the proof of case (1).

Notice that Lemma 12 is not applicable on C(r, s) for r ≤ 2, so cases (2)
and (3) of Theorem 1 require a different line of attack. So, we shall instead use
the narrow length of the r×s grid to place restrictions on the list assignment
L. The analysis is therefore shorter in these cases compared to case (1) as
discussed above.

For case (4), as mentioned earlier, the 5-choosability of the 3-chromatic
6-regular toroidal triangulations was settled in a previous work [9], but a
small modification is required to get a linear time algorithm, for which we
apply Lemma 10 instead of the theorem of Alon and Tarsi [5].

Lastly, to show that the 3-chromatic graphs T (r, s, t) are not 3-choosable,
we assign specific 3-lists column-wise to T (r, s, t) such that distinct lists on
adjacent columns share exactly two colors. A crucial observation is that there
is essentially a unique 3-coloring on the subset of columns that are assigned
the same list, and this lets us deduce that T (r, s, t) is not L-colorable for this
choice of 3-list assignment. A similar argument works when there are too few
columns by instead assigning the lists row-wise. A handful of exceptional
cases are dealt with in Appendix A in an ad hoc manner.

4. Preparation for the proof of case (1) in Theorem 1

For r ≥ 4, s ≥ 3 and 0 ≤ t ≤ s − 1, let G := T (r, s, t). Fix L to be a
list assignment on G of lists of size equal to 5. We start be eliminating the
trivial case: if all the lists of L are identical, then G is L-choosable because
G is 5-colorable [44]. Moreover, a 5-coloring can be found in linear time:
see [16, 40, 50].

For a vertex (i, j) ∈ Ci, let its left neighbors be the two adjacent vertices
in Ci−1, its right neighbors be the two adjacent vertices in Ci+1, and its
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vertical neighbors be the two adjacent vertices in Ci. We shall repeatedly
invoke Lemma 12 to cut down on the possible choices for the lists assigned
by L, until it becomes simple enough to directly specify a proper coloring.

Lemma 13. Suppose that not all the lists in L are identical. If there is a
vertex v ∈ V (G) such that its list is not contained in the union of the lists of
its two left neighbors, then G is L-choosable in linear time.

Proof. Choose a color for v that is not in the list of either left neighbor of v,
and extend the coloring to the cycle Ci containing v by Lemma 11. Then,
we are left to color a graph isomorphic to C(r − 1, s) equipped with lists
whose sizes satisfy the hypotheses of Lemma 12. Hence, the coloring on Ci

extends to a proper coloring of G in linear time by Lemma 12, and so we are
done.

Note that by Lemma 5 the above lemma is also true when “left neighbors”
is replaced by “right neighbors” in the statement. Thus, it suffices to assume
that the list assignment L satisfies the following criterion:

(C1) Not all the lists in L are identical, and for every vertex (i, j) ∈ V (G),
L(i,j) ⊆ L(i−1,j) ∪ L(i−1,j+1) and L(i,j) ⊆ L(i+1,j) ∪ L(i+1,j−1).

In particular, we may assume that no column has identical lists, for if Ci has
identical lists, then so do Ci−1 and Ci+1 by criterion (C1), so all the lists in
L are identical by induction, a contradiction.

Lemma 14. Suppose that L satisfies criterion (C1).

(1) Let (i, j), (i, j − 1) ∈ V (G) have distinct lists. Suppose one of the
following conditions holds:

(a) L(i,j) ̸= L(i−1,j+1) and L(i,j−1) ̸= L(i−1,j−1);

(b) L(i,j) ̸= L(i−1,j+1) and L(i,j−1) ̸= L(i−1,j);

(c) L(i,j) ̸= L(i−1,j) and L(i,j−1) ̸= L(i−1,j−1).

Then, G is L-choosable in linear time.

(2) Suppose u, v ∈ V (G) are adjacent vertices lying on distinct columns
such that Lu = Lv. If for every vertex w ∈ V (G) that is adjacent to
both u and v we have Lw ̸= Lu, then G is L-choosable in linear time.
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(3) Let (i, j) ∈ V (G) be a vertex such that both its left neighbors have lists
identical to L(i,j). Suppose that L(i,j) ̸= L(i,j+1) and L(i,j) ̸= L(i,j−1).
Then, G is L-choosable in linear time.

Proof.

(1) (a) Choose a color for (i−1, j+1) from L(i−1,j+1)\L(i,j), for (i−1, j−1)
from L(i−1,j−1) \ L(i,j−1), and extend this to a proper coloring of
Ci−1 by Lemma 11. Then, we are in the scenario of Lemma 12,
and so we are done.

(b) Choose a color c for (i − 1, j) from L(i−1,j) \ L(i,j−1). By crite-
rion (C1), c ∈ L(i,j), so there exists a color d (̸= c) ∈ L(i−1,j+1) \
L(i,j). Color (i − 1, j + 1) with d and extend this to a proper
coloring of Ci−1 by Lemma 11. Then, we are in the scenario of
Lemma 12, and so we are done.

(c) This is similar to the proof of Lemma 14(1)b above. Choose a color
c for (i−1, j) from L(i−1,j)\L(i,j). By criterion (C1), c ∈ L(i,j−1), so
there exists a color d (̸= c) ∈ L(i−1,j−1)\L(i,j−1). Color (i−1, j−1)
with d and extend this to a proper coloring of Ci−1 by Lemma 11.
Then, we are in the scenario of Lemma 12, and so we are done.

(2) Suppose u = (i, j) and v = (i − 1, j), Then, neither (i − 1, j + 1) nor
(i, j − 1) has a list identical to Lu. But then we are in the scenario
of Lemma 14(1)b, so G is L-choosable in linear time. Similarly, let
u = (i, j − 1) and w = (i − 1, j), Then, neither (i − 1, j − 1) nor
(i, j) has a list identical to Lu. But then we are in the scenario of
Lemma 14(1)c, so again G is L-choosable in linear time.

(3) Choose a color for (i, j + 1) from L(i,j+1) \ L(i−1,j+1), for (i, j − 1) from
L(i,j−1)\L(i−1,j), and extend this to a proper coloring of Ci by Lemma 11.
Then, we are in the scenario of Lemma 12, so we are done.

Note that, by Lemma 5, Lemma 14(1) is also true when the list assignment
L instead satisfies one of three analogous conditions relating the lists on (i, j)
and (i, j − 1) with their right neighbors, and Lemma 14(3) is also true when
“left neighbors” is replaced by “right neighbors” in the statement.

Thus, in addition to criterion (C1), we may also assume the following
criteria:
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Figure 3: Illustrations of configurations (a) through (c) in criterion (C2).

(C2) Whenever (i, j) and (i, j − 1) have distinct lists assigned by L, one of
the following three configurations holds:

(a) L(i,j) = L(i−1,j+1) and L(i,j−1) = L(i−1,j−1);

(b) L(i,j) = L(i−1,j+1) = L(i−1,j) and L(i,j−1) ̸= L(i−1,j−1);

(c) L(i,j) ̸= L(i−1,j+1) and L(i,j−1) = L(i−1,j) = L(i−1,j−1).

(C3) whenever u and v are adjacent vertices on distinct columns with Lu =
Lv, there is a vertex w adjacent to both u and v such that Lw = Lu =
Lv.

(C4) whenever u, v and w are mutually adjacent vertices having identical
lists, with v and w lying on the same column, at least one of the vertical
neighbors of u has a list identical to Lu.

The configurations (a) through (c) in criterion (C2) are illustrated in
Figure 3. By Lemma 5, we also assume one of three analogous configurations
holds for the lists on the right neighbors of (i, j) and (i, j − 1) under the
hypothesis of criterion (C2), but for the sake of brevity we avoid listing them
explicitly.

We now make the following definitions. For a list L, define the list-class
of L in G, denoted G[L], to be induced subgraph of G on those vertices v such
that Lv = L. Let L ∈ L and let H be a (maximal connected) component of
G[L]. If V (H) is a singleton, we call H an isolated component, else we call
H a nonisolated component.
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Lemma 15. Suppose that L satisfies criteria (C1) through (C4).

(1) Let H be an isolated component of a list-class G[L], with V (H) =
{(i, j)}. Then, there are distinct lists L′, L′′ ∈ L such that L(i−1,j+1) =
L(i,j+1) = L(i+1,j+1) = L(i+1,j) = L′ and L(i−1,j) = L(i−1,j−1) = L(i,j−1) =
L(i+1,j−1) = L′′.

(2) Let H be a nonisolated component of a list-class G[L], with v ∈ V (H).
Then, at least one vertical neighbor of v also belongs to V (H).

Proof.

(1) Since (i, j) belongs to an isolated component of G[L], the lists on its
vertical neighbors are distinct from L. Let L(i,j+1) = L′ and L(i,j−1) =
L′′. By applying criterion (C2) on the vertices (i, j) and (i, j − 1)
with respect to their left neighbors, we see that only configuration (c)
can hold, else (i, j) will not belong to an isolated component. Thus,
L(i−1,j) = L(i−1,j−1) = L′′ and L(i,j+1) ̸= L.

Now, if L(i−1,j) ̸= L′, then we can apply criterion (C2) on the vertices
(i − 1, j + 1) and (i − 1, j) with respect to their right neighbors, and
we see that none of the analogues of configurations (a) to (c) hold, a
contradiction. Hence, L(i−1,j) = L′.

Next, by Lemma 5, we also get L(i+1,j+1) = L(i+1,j) = L′ and L(i,j−1) =
L′′.

Lastly, if L′ = L′′, then we will also have L = L′ by criterion (C1), a
contradiction.

(2) Since v is assumed to belong to a nonisolated component H of some
list-class G[L], let u ∈ V (H) with u adjacent to v. If u lies in the same
column as v, then we are done, so assume that u and v lie in distinct
columns. Then, by criterion (C3), there is a vertex w adjacent to both
u and v such that w ∈ V (H). If w lies in the same column as v, then
we are done, so assume that v and w lie in distinct columns. Then, u
and w lie on the same column, so by criterion (C4) at least one of the
vertical neighbors of v also belongs to V (H).
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Figure 4: The configuration of an isolated component in Lemma 15(1).

The configuration in Lemma 15(1) is illustrated in Figure 4. Note that
Lemma 15(2) implies that for every v ∈ V (H), where H is a nonisolated
component of some list-class G[L], at least one left neighbor and one right
neighbor of v also belongs to V (H), by criterion (C1). Hence, Lemma 15(2)
can be applied successively on vertices across columns, starting from any
v ∈ V (H). Thus, if (i, j) and (i, j − 1) are adjacent vertices in the column
Ci with distinct lists, then using Lemma 15, we can pin down the possible
list configurations on the nearby vertices in the columns Ci+1 and Ci+2 to a
manageable number, as follows.

Lemma 16. Suppose that L satisfies criteria (C1) to (C4). Let (i, j +
1), (i, j) ∈ V (G) have distinct lists L1, L2, respectively, and suppose that
neither vertex belongs to an isolated component. Then, one of the following
configurations holds:

(I) The vertices (i, k), (i+1, k) and (i+2, k) have lists identical to L1 for
k = j + 2, j + 1, and have lists identical to L2 for k = j, j − 1.

(II) The vertices (i, k), (i+1, k) and (i+2, k− 1) have lists identical to L1

for k = j + 2, j + 1, and have lists identical to L2 for k = j, j − 1.

(III) The vertices (i, k), (i+1, k− 1) and (i+2, k− 1) have lists identical to
L1 for k = j + 2, j + 1, and have lists identical to L2 for k = j, j − 1.

(IV) The vertices (i, k), (i+1, k− 1) and (i+2, k− 2) have lists identical to
L1 for k = j + 2, j + 1, and have lists identical to L2 for k = j, j − 1.
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(V) The vertices (i, k), (i+1, k) and (i+2, k) have lists identical to L1 for
k = j + 2, j + 1, the vertices (i, k), (i + 1, k) and (i + 2, k − 1) have
lists identical to L2 for k = j, j − 1, and the vertex (i + 2, j) belongs
to an isolated component of some list-class G[L3], where L3 ̸= L1 and
L3 ̸= L2.

(VI) The vertices (i, k), (i+1, k−1) and (i+2, k−1) have lists identical to L1

for k = j+2, j+1, the vertices (i, k), (i+1, k−1) and (i+2, k−2) have
lists identical to L2 for k = j, j− 1, and the vertex (i+2, j− 1) belongs
to an isolated component of some list-class G[L3], where L3 ̸= L1 and
L3 ̸= L2.

(VII) The vertices (i, k), (i+1, k) and (i+2, k− 1) have lists identical to L1

for k = j+2, j+1, the vertices (i, k), (i+1, k−1) and (i+2, k−1) have
lists identical to L2 for k = j, j − 1, and the vertex (i + 1, j) belongs
to an isolated component of some list-class G[L3], where L3 ̸= L1 and
L3 ̸= L2.

Proof. We start with L(i,j+1) = L1 and L(i,j) = L2. By Lemma 15(2), this
implies that L(i,j+2) = L1 and L(i,j−1) = L2. By criterion (C1), L(i+1,j+1) = L1

and L(i+1,j−1) = L2. Now, again by Lemma 15(2), we have three cases:

(1) L(i+1,j+2) = L1 and L(i+1,j) = L2;

(2) L(i+1,j) = L1 and L(i+1,j−2) = L2;

(3) L(i+1,j+2) = L1, L(i+1,j−2) = L2 and L(i+1,j) = L3 where L1 ̸= L3 and
L2 ̸= L3. In particular, by Lemma 15(2), (i + 1, j) must belong to an
isolated component of the list-class G[L3].

We consider each of these cases in turn.
First, suppose case (1) holds. Then, by criterion (C1), L(i+2,j+1) = L1

and L(i+2,j−1) = L2. Then, again by Lemma 15(2), we have three cases:

• L(i+2,j+2) = L1 and L(i+2,j) = L2. This is configuration (I).

• L(i+2,j) = L1 and L(i+2,j−2) = L2. This is configuration (II).

• L(i+2,j+2) = L1, L(i+2,j−2) = L2 and L(i+2,j) = L3 where L1 ̸= L3 and
L2 ̸= L3. In particular, by Lemma 15(2), (i + 2, j) must belong to an
isolated component of the list-class G[L3]. This is configuration (V).
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Figure 5: Illustration of configurations (I) through (IV) of Lemma 16.
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Figure 6: Illustration of the configurations (V) through (VII) of Lemma 16.
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Next, suppose case (2) holds. Then, by criterion (C1), L(i+2,j) = L1 and
L(i+2,j−2) = L2. Again by Lemma 15(2), we have three cases:

• L(i+2,j+1) = L1 and L(i+2,j−1) = L2. This is configuration (III).

• L(i+2,j−1) = L1 and L(i+2,j−3) = L2. This is configuration (IV).

• L(i+2,j+1) = L1, L(i+2,j−3) = L2 and L(i+2,j−1) = L3 where L1 ̸= L3 and
L2 ̸= L3. In particular, by Lemma 15(2), (i+2, j−1) must belong to an
isolated component of the list-class G[L3]. This is configuration (VI).

Lastly, suppose case (3) holds. Then, by Lemma 15(1), L(i+2,j+1) =
L(i+2,j) = L1 and L(i+2,j−1) = L2. By Lemma 15(2), we also have L(i+2,j−2) =
L2. This is configuration (VII).

Lemma 17. Suppose that L satisfies criteria (C1) to (C4). Let (i, j + 1),
(i, j) and (i, j − 1) have mutually distinct lists L1, L3 and L2, respectively,
and suppose that (i, j) corresponds to an isolated component in G[L3]. Then,
one of the following configurations holds:

(VIII) The vertices (i, k), (i+1, k− 1) and (i+2, k− 1) have lists identical to
L1 for k = j + 2, j + 1, the vertices (i, k), (i+ 1, k) and (i+ 2, k) have
lists identical to L2 for k = j − 1, j − 2.

(IX) The vertices (i, k), (i + 1, k − 1) and (i + 2, k − 2) have lists identical
to L1 for k = j+2, j+1, the vertices (i, k), (i+1, k) and (i+2, k− 1)
have lists identical to L2 for k = j, j − 1.

(X) The vertices (i, k), (i+1, k−1) and (i+2, k−1) have lists identical to L1

for k = j+2, j+1, the vertices (i, k), (i+1, k) and (i+2, k−1) have lists
identical to L2 for k = j − 1, j − 2, and the vertex (i+2, j − 1) belongs
to an isolated component of some list-class G[L4], where L1 ̸= L4 and
L2 ̸= L4, but L4 may be identical to L3.

Proof. We start with L(i,j+1) = L1, L(i,j) = L3 and L(i,j−1) = L2, with (i, j)
belonging to an isolated component of the list-class G[L3]. By Lemma 15(2),
we have L(i,j+2) = L1 and L(i,j−2) = L2. By Lemma 15(1), we have L(i+1,j+1) =
L(i+1,j) = L1 and L(i+1,j−1) = L2. By Lemma 15(2), we also have L(i+1,j−2) =
L2. By criterion (C1), this implies that L(i+2,j) = L1 and L(i+2,j−2) = L2.
Now, again by Lemma 15(2), we have the following three cases:
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Figure 7: Illustration of the configurations (VIII) through (X) of Lemma 17.

• L(i+2,j) = L1 and L(i+2,j−2) = L2. This is configuration (VIII).

• L(i+2,j−1) = L1 and L(i+2,j−3) = L2. This is configuration (IX).

• L(i+2,j+1) = L1, L(i+2,j−3) = L2 and L(i+2,j−1) = L4 where L1 ̸= L4 and
L2 ̸= L4. In particular, by Lemma 15(2), (i+ 2, j − 1) must belong to
an isolated component of the list-class G[L4]. This is configuration (X).
Note that L4 may be identical to L3.

These configurations are listed in Figures 5–7.
We are now in a position to complete the proof of case (1) in Theorem 1.

5. Proof of case (1) in Theorem 1

By the results in Section 4, it suffices to assume that the list assignment
L on G satisfies criteria (C1) to (C4), and that, in particular, Lemma 17
holds. Suppose (i, j +1), (i, j) and (i, j− 1) are three vertices in the column
Ci that satisfy the hypotheses of Lemma 17. Then, the vertices (i + 1, j)
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and (i + 1, j − 1) in the column Ci+1, as well as the vertices (i − 1, j + 1)
and (i−1, j) in the column Ci−1, satisfy the hypotheses of Lemma 16. Thus,
there always exists a column that has a pair of adjacent vertices that satisfies
the hypotheses of Lemma 16, which we shall now take to be C1 without loss
of generality. Furthermore, without loss of generality, let (1, s) and (1, s− 1)
satisfy the hypotheses of Lemma 16.

Now, the first step of our algorithm to find an L-coloring—which we
elaborate on below—is to properly color C1. Then, the lists on Cr all reduce
to 3-lists, so Cr can be properly colored by Lemma 12. This in turn causes
the lists on Cr−1 to reduce to 3-lists. Thus, we can inductively color the
columns from the right using Lemma 12 until we are only left to color the
columns C2, C3 and C4. Thus, it suffices to assume without loss of generality
that r = 4.

Fix 1 ≤ j ≤ s. We start with a few straightforward observations:

(O1) If L(1,j) = L(2,j) = L(2,j−1), then any choice of color for (1, j) will reduce
the sizes of L(2,j) and L(2,j−1) by 1 each. Similarly, if L(1,j) = L(1,j−1) =
L(2,j−1), then any proper coloring of (1, j) and (1, j− 1) will reduce the
size of L(2,j−1) by 2.

(O2) Consider the vertices (1, j), (2, j), (2, j − 1) and (3, j − 1). Suppose
that a color c ∈ L(1,j) has been chosen for (1, j), so the sizes of L(2,j)

and L(2,j−1) have potentially reduced by 1 each. Now, if c ∈ L(3,j−1)

too, then coloring (3, j − 1) with the color c does not reduce the sizes
of the residual lists on (2, j) and (2, j − 1) any further.

(O3) Suppose that L(1,j) ∩ L(3,j−1) = ∅. If (1, j) is an isolated vertex, then
(1, j+1), (1, j), and (1, j−1) satisfy the hypotheses of Lemma 17, and
moreover these vertices must be in configuration (X). If (1, j) is not an
isolated vertex, then either (1, j) and (1, j−1) satisfy the hypotheses of
Lemma 16, or (1, j +1) and (1, j) satisfy the hypotheses of Lemma 16,
or L(1,j+1) = L(1,j) = L(1,j−1). If the first case holds, then (1, j) and
(1, j − 1) must be in configuration (I); if the second case holds, then
(1, j + 1) and (1, j) must be in configuration (IV); the third case is
impossible, since by repeated application of criterion (C1) we must
have L(1,j) = L(3,j−1).

Furthermore, in the case when (1, j) is an isolated vertex, choosing a
color for (1, j) from L(1,j) \L(2,j) and for (3, j−1) from L(3,j−1) \L(2,j−1)
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will reduce the sizes of L(2,j) and L(2,j−1) by 1 each. Note that such
choices are possible by criterion (C1) and Lemma 15(1). In the other
cases, any choice of color for (1, j) and for (3, j − 1) will reduce the
sizes of L(2,j) and L(2,j−1) only by 1 each.

These observations are crucial for step 1 of the following two-step coloring
algorithm:

1. Properly color C1 and a set J of alternate vertices in C3 such that the
reduced list sizes on C2 are as follows: one vertex in C2 has a 4-list and
every other vertex in C2 has a 3-list.

2. Properly color C4, then the remaining vertices in C3, and finally C2.

Assume for the moment that step 1 has been completed. Then, step 2
can be completed by repeatedly invoking Lemma 11 as follows.

As we shall see when we elaborate on step 1, we may assume that the
4-list in the column C2 is on the vertex (2, s − 1), and that the rest of the
vertices in C2 have 3-lists. Also, the set J will turn out to be either I :=
{(3, s−2k+2) : k = 1, . . . , ⌊s/2⌋} or I ′ := {(3, s−2k+1) : k = 1, . . . , ⌊s/2⌋}.

Now, the sizes of the lists on the remaining vertices of C3 after the com-
pletion of step 1 are as follows: the vertices of C3 that remain to be colored
all have 3-lists; moreover, when s is odd, the vertices (3, 1) and (3, 2) each
have a 4-list when the set I is colored in step 1, and the vertices (3, 1) and
(3, s) each have a 4-list when the set I ′ is colored in step 1.

Next, the sizes of the lists on the column C4 are as follows: each vertex
in C4 has a 2-list; moreover, when s is odd, the vertex (4, 1) has 3-list when
the set I is colored in step 1, and the vertex (4, s) has a 3-list when the set
I ′ is colored in step 1.

Thus, regardless of the parity of s, properly color the column C4 using
Lemma 11. This reduces the sizes of each of the remaining lists on C3 by
2. Again by Lemma 11, regardless of the parity of s, properly color the
remaining vertices in the column C3. This reduces the list sizes on C2 as
follows. When s is even, each list on C2 is reduced in size by 1. When s is
odd, each list is reduced in size by 1, but for the following exception: if I
is colored in step 1, then the list on (2, 2) is reduced in size by 2, and if I ′
is colored in step 1, then the list on (2, 1) is reduced in size by 2. In either
case, properly color C2 using Lemma 11. This completes step 2.
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Figure 8: Illustration of the sizes of the lists on the columns C2, C3 and C4 in step 2 when
s = 6 and I is colored in step 1.

Figures 8 and 9 illustrate the sizes of the lists in step 2 when s is even
and odd, respectively, assuming that the set I is colored in step 1. The edges
between the top and bottom rows are not shown in these figures.

We now describe step 1. If (1, s) and (1, s − 1) are in any configuration
other than (IV) and (VI), then take J = I, and if (1, s) and (1, s − 1) are
in configuration (IV) or (VI), then take J = I ′, where the sets I and I ′

are as defined earlier in the description of step 2. From observations (O1)
to (O3), every vertex in C2 can have a 3-list at the end of step 1 if for every
(3, j) ∈ J , either L(1,j+1) ∩L(3,j) = ∅, or (1, j + 1) and (3, j) are assigned the
same color. Clearly, if the lists on (1, j + 1) and (3, j) are identical, then for
any assignment of a color on (1, j + 1) we can pick the same color for (3, j).
On the other hand, if the lists on (1, j + 1) and (3, j) are distinct but not
disjoint, then we need to ensure that the color assigned on (1, j + 1) belongs
to L(1,j+1) ∩ L(3,j).

So, call the pair of vertices (1, j + 1), (3, j) to be a good pair if either
L(1,j+1) = L(3,j), or L(1,j+1)∩L(3,j) = ∅ and (1, j+2), (1, j+1), and (1, j) are
not in configuration (X). Define A to be the set of all pairs (1, j + 1), (3, j)
that are not good pairs. We now carry out step 1 in three stages. In the
first stage, we shall color the vertices in A. In the second stage, we color the
vertices (1, s) and (1, s−1) in such a way that the list on (2, s−1) reduces to
a 4-list. Finally, we color the remaining vertices of the column C1, followed
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Figure 9: Illustration of the sizes of the lists on the columns C2, C3 and C4 in step 2 when
s = 7 and I is colored in step 1.
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by the remaining vertices in J .
Now, for the first stage. Suppose (3, j) ∈ A. If the lists on (1, j + 1) and

(3, j) are distinct but not disjoint, then choose a common color for (1, j + 1)
and (3, j) from L(1,j+1)∩L(3,j). Otherwise, we have that the lists on (1, j+1)
and (3, j) are disjoint and the vertices (1, j + 2), (1, j + 1) and (1, j) are in
configuration (X). In this case, choose a color for (1, j + 1) from L(1,j+1) \
L(2,j+1) and for (3, j) from L(3,j) \ L(2,j).

Note that our choice of J ensures that the vertices (1, 1), (1, s), (1, s− 1)
and (1, s − 2) are not colored in the first stage above (cf. Figure 5 and 6).
So, for the second stage, pick colors for (1, s) and (1, s− 1) as follows:

• If (1, s) and (1, s− 1) are in any of the configurations (I) to (IV), then
choose a color for (1, s) from L(1,s) \ L(1,s−1) and for (1, s − 1) from
L(1,s−1) \ L(1,s).

• If (1, s) and (1, s− 1) are in configuration (V), choose a color for (1, s)
from L(1,s)∩L(3,s−1)\L(1,s−1) (this can be done because of criterion (C1)
and Lemma 15(1)), and choose a color for (1, s−1) from L(1,s−1)\L(1,s).

• If (1, s) and (1, s−1) are in configuration (VI), choose a color for (1, s)
from L(1,s) \ L(1,s−1), and for (1, s − 1) from L(1,s−1) ∩ L(3,s−2) \ L(1,s)

(this can be done because of criterion (C1) and Lemma 15(1)).

• If (1, s) and (1, s−1) are in configuration (VII), choose a color for (1, s)
from L(1,s) \ L(2,s−1), and for (1, s− 1) from L(1,s−1) \ L(1,s).

This coloring ensures that the vertex (2, s− 1) now has a 4-list.
Finally, for the third stage. Color the remaining vertices in the column C1

using Lemma 11. Then, color the remaining vertices in J as follows. Suppose
(3, j) ∈ J was uncolored in the first stage. If the lists on (3, j) and (1, j + 1)
assigned by L were identical, choose the same color on (3, j) as that assigned
on (1, j + 1). If the lists on (3, j) and (1, j + 1) are disjoint, then choose any
color for (3, j) from its list.

Notice that at the end of this procedure the vertex (2, s − 1) still has a
4-list, and that all the other vertices in the column C2 have 3-lists. So, this
completes step 1. Combined with step 2, this completes the proof.

It is also clear from the above description that the coloring can be found
in linear time.
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6. Proofs of cases (2) and (3) in Theorem 1

Proof of case (2) in Theorem 1. Let G = T (1, s, 2) for s ≥ 9, s ̸= 11. Then,
every four successive vertices (1, j), (1, j+1), (1, j+2), (1, j+3) induce a K4.
Suppose that L is a list assignment on G with lists of size equal to 5. Since
G is 5-colorable in linear time by the results in [16, 40], it suffices to assume
that not all the lists assigned by L are identical. Without loss of generality,
suppose that L(1,1) ̸= L(1,s). Choose a color for (1, s) from L(1,s) \ L(1,1).
Next, one can properly color the vertices (1, s − 1), (1, s − 2), . . . , (1, 7) in
that order by successively picking a color for each vertex from its (reduced)
list. Then, the lists on the remaining vertices are as follows: (1, 6) has a
2-list; (1, 1), (1, 2) and (1, 5) have 3-lists; (1, 3) and (1, 4) have 4-lists. There
are two special cases that can be easily dealt with.

Case I: L(1,2) ∩ L(1,6) ̸= ∅.
Choose a common color for (1, 2) and (1, 6) from L(1,2)∩L(1,6). Then,
(1, 1) and (1, 5) have 2-lists, and (1, 3) and (1, 4) have 3-lists. If
we can pick a color for (1, 1) that does not belong to both L(1,3)

and L(1,4), then we will be done by Lemma 11, so assume that
L(1,1) ⊂ L(1,3) ∩ L(1,4). Then, for any choice of color for (1, 1), the
remaining 3-cycle will have 2-lists, so it will have a proper coloring
only when the 2-lists are not identical, by Lemma 11. But, if picking
a ∈ L(1,1) results in identical 2-lists being present on the remaining
3-cycle, then we instead pick the other color a′ ∈ L(1,1) \ {a} for
(1, 1) to get non-identical 2-lists on the remaining 3-cycle.

So, it suffices to assume that L(1,2) ∩ L(1,6) = ∅.

Case II: L(1,1) ∩ L(1,5) ̸= ∅.
Choose a common color c for (1, 1) and (1, 5) from L(1,1) ∩ L(1,5). If
c ̸∈ L(1,2), then the remaining vertices form a K−

4 with three 3-lists
and one 1-list, and one can see that a proper coloring can always
be found from this configuration of lists. If c ∈ L(1,2), then we have
a K−

4 with three 2-lists and one 3-list. Since L(1,2) ∩ L(1,6) = ∅ by
assumption, we can choose a color for either (1, 2) or (1, 6) that
does not belong to L(1,3). Then, we can properly color the rest of
the vertices using Lemma 11.
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So, we additionally assume that L(1,1) ∩ L(1,5) = ∅.
Now, choose a color for (1, 3) from L(1,3) \ L(1,6). Then, the lists are now

as follows: (1, 4) has a 3-list; (1, 2) and (1, 6) have 2-lists; lastly, either (1, 1)
has a 2-list and (1, 5) has a 3-list, or vice-versa, since the color chosen for
(1, 3) can belong to at most one of L(1,1) and L(1,5). In either case, a color can
be chosen for (1, 4) such that both (1, 1) and (1, 5) end up with 2-lists. The
lists on (1, 2) and (1, 6) are now a 1-list and a 2-list, not necessarily in that
order, since the color chosen for (1, 4) can belong to at most one of L(1,2) and
L(1,6). In any case, the remaining four vertices form a path graph with three
2-lists and one 1-list, so a proper coloring can be found using Lemma 11.

This completes the proof. It is also clear that the list coloring can be
found in linear time.

The following lemma will be repeatedly invoked in the proof of case (3)
in Theorem 1.

Lemma 18. Let G = K−
4 be the complete graph on four vertices with an

edge removed, where V (G) = {a, b, x, y} and {x, y} is an independent set.
Suppose that L is a list assignment on G such that |La|+ |Lb| = |Lx|+ |Ly|.
Then, one can choose colors for x and y such that the sizes of the lists on a
and b reduce by 1 each.

Proof. If Lx∩Ly ̸= ∅, then choose a common color for x and y from Lx∩Ly.
Clearly, this reduces the sizes of the lists on a and b by 1 each.

So, suppose Lx ∩Ly = ∅. If Lx ̸⊂ La ∪Lb, then we can choose a color for
x from Lx \ (La ∪ Lb), and any color for y, to reduce the sizes of the lists on
a and b by 1 each. Similarly, when Ly ̸⊂ La ∪ Lb.

So, suppose that Lx, Ly ⊂ La∪Lb. But then there are k distinct available
colors for x and y together, where k = |Lx| + |Ly|, as well as for a and b
together. Thus, any color in Lx can belong to at most one of La and Lb,
and similarly for any color in Ly. Moreover, it is not possible that all of the
k available colors on x and y belong to a single list (say, La), because the
other list (Lb) will then be empty, a contradiction. Therefore, it is possible
to choose colors for x and y from their respective lists such that each color
belongs to a different list between La and Lb. This reduces the sizes of the
lists on a and b by 1 each.

Proof of case (3) in Theorem 1. Let G = T (2, s, t) for even s ≥ 4 and even
t ̸= 0, s− 2. By the remarks following Theorem 4, it follows that the graphs

33



T (2, s, t) and T (2, s, s − t − 2) are isomorphic, so without loss of generality
we assume that 2 ≤ t ≤ s

2
− 1.

Our strategy is to properly color the column C2 in such a way that the
lists on the column C1 are all reduced to 2-lists, so that C1 can then be
properly colored using Lemma 11. Note that, for every j, the vertices (1, j),
(1, j−1), (2, j−1) and (2, j+t) form a K−

4 with the vertices on the column C2

forming an independent set. This suggests the following scheme of coloring.
Fix 1 ≤ j ≤ s. Using Lemma 18, we can color (2, j − 1) and (2, j + t)

such that the lists on (1, j) and (1, j − 1) reduce in size by 1 each. Then,
regardless of how the rest of the neighbors of (1, j) and of (1, j − 1) in the
column C2 are colored, the end result is that the lists on these two vertices
reduce to 2-lists, as required. If we can do this for each even j, then we will
have colored C2 in such a way that the lists on C1 all reduce to 2-lists. A
little bit of care is required to ensure that this can be done for every even j,
while also ensuring that the coloring on C2 is proper. The details now follow.

Suppose that t < s
2
− 1.

• For each j ∈ {2, 4, . . . , t}, we may use Lemma 18 to color the vertices
of the form (2, j − 1) and (2, j + t).

• For j = t+2, we need to color (2, t+1) and (2, 2t+2), but notice that
the list on (2, t + 1) has been reduced to a 4-list, since (2, t + 2) has
already been colored (when j = 2). However, the list on (1, t + 2) has
also been reduced to a 4-list, so Lemma 18 is still applicable.

• For each j ∈ {t+4, t+6, . . . , s− t−2}, notice that the list on (2, j−1)
has been reduced to a 3-list, but the lists on (1, j) and (1, j − 1) have
also been reduced to 4-lists each, so Lemma 18 is still applicable.

• For j = s− t, notice that the list on (2, s− t− 1) is reduced to a 3-list
and the list on (2, s) is reduced to a 4-list, but the list on (1, s − t) is
reduced to a 3-list and the list on (1, s − t − 1) is reduced to a 4-list.
So, Lemma 18 is still applicable.

• Lastly, for each j ∈ {s− t+2, s− t+ 4, . . . , s}, notice that the lists on
(2, j−1) and (2, j+ t) are reduced to 3-lists each, but the lists on (1, j)
and (1, j − 1) have also been reduced to 3-lists each, so Lemma 18 is
still applicable.
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Next, consider the case when t = s
2
− 1. Since t+ 2 = s− t, some of the

cases above reduce to a single degenerate case, as explained below:

• As before, for each j ∈
{
2, 4, . . . , s

2
− 1

}
, we may use Lemma 18 to

color the vertices of the form (2, j − 1) and (2, j + t).

• For j = s
2
+ 1, we need to color

(
2, s

2

)
and (2, s), but notice that the

lists on
(
2, s

2

)
and (2, s) have been reduced to 4-lists. However, the list

on
(
1, s

2
+ 1

)
has also been reduced to a 3-list, so Lemma 18 is still

applicable.

• Lastly, just as before, for each j ∈
{

s
2
+ 3, s

2
+ 5, . . . , s

}
, notice that

the lists on (2, j − 1) and (2, j + t) are reduced to 3-lists each, but the
lists on (1, j) and (1, j − 1) have also been reduced to 3-lists each, so
Lemma 18 is still applicable.

Thus, the coloring scheme outlined in the beginning can be implemented
over all even j to get a proper coloring of C2 so that the lists on C1 are all
reduced to 2-lists. The proof is completed by using Lemma 11 to properly
color C1. Clearly, the list coloring is found in linear time.

Figure 10 illustrates the coloring algorithm for G = T (2, 10, 4).

7. Proof of case (4) in Theorem 1

Lemma 19. Let G be a 3-regular bipartite graph. Let V (G) be partitioned
into two independent sets A and B. Let L be a list assignment that assigns
a list of size 3 to each vertex in A and a list of size 2 to each vertex in B.
Then, G is L-choosable. Moreover, such a list coloring can be found in linear
time.

Proof. Find a perfect matching M in G and consider the graph G−M . Since
G−M is a 2-regular bipartite graph, it breaks up into a union of disjoint even
cycles. Place an orientation on the edges of G such that each of these cycles
becomes a directed cycle, and such that the edges in M are oriented from A
to B. Then, outdegree(v) = 2 for every v ∈ A and outdegree(w) = 1 for every
w ∈ B. Note that there are no odd directed cycles in this orientation, since
G is bipartite. Thus, by Lemma 10, G is L-choosable for any list assignment
that assigns a list of size 3 to each vertex in A and a list of size 2 to each
vertex in B.
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Figure 10: Illustration of the proof of case (3) in Theorem 1 for G = T (2, 10, 4).
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Furthermore, Theorem 7 shows that M can be found in O(|E|) time,
which is also O(|V |) time, since G is of bounded degree. Thus, the list
coloring can be found in linear time.

In an earlier paper [9], we proved the following theorem:

Theorem 20 (Balachandran–Sankarnarayanan [9], 2021). Let G be a simple
6-regular toroidal triangulation. If G is 3-chromatic, then G is 5-choosable.

The proof of this theorem is entirely algorithmic, except for one use of
a theorem of Alon and Tarsi [5] to show that a toroidal 3-regular bipartite
graph is L-choosable for a list assignment L as in the hypothesis of Lemma 19.
Using the proof of Lemma 19 in its place, we obtain the proof of case (4) in
Theorem 1 as a corollary:

Corollary 21. Every simple 3-chromatic 6-regular toroidal triangulation is
5-choosable. Moreover, a 5-list coloring can be found in linear time.

Lastly, we show that all the simple 3-chromatic graphs T (r, s, t) are not
3-choosable. Note that T (r, s, t) is 3-chromatic if and only if s ≡ 0 ≡ r − t
(mod 3). Let

L1 := {1, 2, 3}, L2 := {2, 3, 4}, L3 := {1, 3, 4}.

7.1. The graphs T (r, s, t) for r ≥ 4, s ≥ 3

Let L be the list-assignment that assigns the above lists to the columns
of T (r, s, t) as follows:

L1 : C1, C2;

L2 : C3;

L3 : C4, . . . , Cr.

Let the vertices (1, 1) and (1, 2) be properly colored using L in any manner.
This uniquely determines a proper coloring of the induced subgraph on C1 ∪
C2.

Now, there is a unique way to extend this coloring properly to the induced
subgraph on C2 ∪ C3 as follows: simply extend the coloring from C2 to C3

using the same lists used on C2, namely L1 = {1, 2, 3}; then, recolor all the
vertices in C3 that have the color 1 with the color 4. The reason behind this
is as follows:
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• whenever there exist two adjacent vertices in C2 that are colored using
{2, 3} ⊂ L1∩L2, the common neighbor of these two vertices in C3 must
receive the color 4;

• in any proper coloring of C1 ∪C2, there will be s/3 pairs of vertices in
C2 that are colored using {2, 3}, and no two of these pairs are adjacent
in C2;

• if a vertex in C3 has its color fixed to be 4 as above, then the colors of
its two vertical neighbors are also fixed.

In this manner, one can see that the coloring is extended uniquely to the rest
of C3, with 4 occuring in those places where 1 would have occured had C3

also been colored using L1 = {1, 2, 3}.
Next, repeat the same process to extend the coloring on C3 to a proper

coloring on the induced subgraph on C3 ∪C4 ∪ · · · ∪Cr as follows: color the
vertices in C4 ∪ · · · ∪ Cr using the colors used on C3, namely L2 = {2, 3, 4},
and then recolor those vertices in C4 ∪ · · · ∪ Cr that have the color 2 with
the color 1.

Now, we note that this coloring cannot be proper on all of T (r, s, t) be-
cause this process of successive relabelling has mapped the tuple (1, 2, 3) to
(2, 1, 3). Thus, for this to be a proper coloring of T (r, s, t), the original col-
oring on C1 must arise as the unique extension of the coloring on Cr to the
induced subgraph on Cr ∪ C1; but, (2, 1, 3) is not a cyclic permutation of
(1, 2, 3), so this cannot happen for any t.

7.2. The graphs T (2, s, t) for s ≥ 6

First, consider the case s ≥ 12. Since T (2, s, t) is assumed to be simple,
we ignore the case t = s− 1. Next, by the remarks in Section 2, T (2, s, t) is
isomorphic to T (2, s, s− t−2). Furthermore, t ≡ 2 (mod 3) since T (2, s, t) is
assumed to be 3-chromatic. Hence, it suffices to assume that either t = s−4,
or t lies in the range 5 ≤ t ≤ ⌊s/2⌋ − 1.

Now, let R1, . . . , Rs denote the s rows of T (2, s, t). Let L be the list
assignment that assigns the lists L1, L2, L3 to the rows of T (2, s, t) as follows,
where s = 3ℓ:

L1 : R1, . . . , Rℓ;

L2 : Rℓ+1, . . . , R2ℓ;

L3 : R2ℓ+1, . . . , Rs.
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Figure 11 illustrates this list assignment for the graph T (2, 12, 5); the ver-
tices colored red, yellow, and blue are assigned the lists L1, L2, and L3,
respectively.

Let the vertices (1, 1) and (1, 2) be properly colored using L in any man-
ner. This uniquely determines a proper coloring of the first ℓ rows. Now,
we can find a vertex v in one of the remaining blocks of size ℓ such that the
residual list on v has size equal to 1, as follows:

• If the colors on (1, ℓ) and (2, ℓ) are both present in L2, then take v =
(1, ℓ+ 1).

• If the color on (1, ℓ) is 1, then the pairs (1, ℓ − 1), (1, ℓ − 2) and
(2, ℓ), (2, ℓ − 1) are colored using {2, 3}. Additionally, if the color on
(2, ℓ) is 2, then the pair (2, ℓ− 1), (2, ℓ− 2) is colored using {1, 3}, and
if the color on (2, ℓ) is 3, then the pair (1, ℓ), (1, ℓ− 1) is colored using
{1, 3}.
From this data, one choice for v is given by:

v =


(2, ℓ− 1 + t), 5 ≤ t ≤ ℓ+ 1;

(1, ℓ− 2− t), ℓ+ 2 ≤ t ≤ ⌊s/2⌋ − 1 and (2, ℓ) is colored 2;

(2, ℓ+ t), ℓ+ 2 ≤ t ≤ ⌊s/2⌋ − 1 and (2, ℓ) is colored 3;

(1, ℓ+ 3), t = s− 4.

• A similar analysis can be done when (2, ℓ) is given the color 1. In that
case, one choice for v is:

v =


(2, ℓ− 2 + t), 5 ≤ t ≤ ℓ+ 1;

(1, ℓ− 1− t), ℓ+ 2 ≤ t ≤ ⌊s/2⌋ − 1 and (1, ℓ) is colored 2;

(2, ℓ+ t), ℓ+ 2 ≤ t ≤ ⌊s/2⌋ − 1 and (1, ℓ) is colored 3;

(1, ℓ+ 2), t = s− 4.

This allows one to extend the coloring to the entire block of ℓ vertices in
which v belongs. Finally, we can repeat the process to color the third block
of ℓ vertices. But, this is not a proper coloring of T (2, s, t) for the same
reason as in the previous case.

The remaining cases when r = 2 are T (2, 6, 2), T (2, 9, 2) and T (2, 9, 5).
Since the last two are isomorphic to each other, we shall only consider
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T (2, 9, 5). In this case, we use the same list assignment as in the case when
s ≥ 12, and we note that after the first block of ℓ vertices is colored we can
choose v to be either (1, 6) or (1, 5), depending on whether the color 1 is given
to (1, 3) or (2, 3), respectively. The only graph left to consider is T (2, 6, 2),
which we handle in an ad hoc manner in Appendix A.

7.3. The graphs T (3, s, t) for s ≥ 3

First, consider the case s ≥ 12 and t ̸= 0. By the remarks in Section 2,
T (3, s, t) is isomorphic to T (3, s, s− t−3), and t ≡ 0 (mod 3) since T (3, s, t)
is assumed to be 3-chromatic. Hence, it suffices to assume that t lies in the
range 3 ≤ t ≤ ⌊(s− 3)/2⌋. We use the same list assignment on these graphs
as in the case T (2, s, t) for s ≥ 12. A similar analysis shows that T (3, s, t) is
not 3-choosable in these cases, so we omit the details.

The only remaining cases are T (3, s, 0) for s ≥ 3, T (3, 6, 3), T (3, 9, 3) and
T (3, 9, 6). It is easy to see that the same list assignment as above also works
for T (3, s, 0) for s ≥ 6. Also, the graph T (3, 3, 0) is isomorphic to K3,3,3,
which is known to be 4-list chromatic [29]. Lastly, the graphs T (3, 6, 0) and
T (3, 6, 3) are isomorphic to each other, and so are T (3, 9, 0) and T (3, 9, 6).
So, the only graph left to consider is T (3, 9, 3), which we handle in an ad hoc
manner in Appendix A.

7.4. The graphs T (1, s, t) for s ≥ 9

Suppose that the 3-chromatic graph T (1, s, t) is not isomorphic to T (r′, s′, t′)
for any r′ > 1. This happens if and only if gcd(s, t) = 1 = gcd(s, t+1), so we
must have s ≡ 3 (mod 6). By the remarks in Section 2, T (1, s, t) is isomor-
phic to T (1, s, s − t − 1), so we can assume 0 ≤ t ≤ ⌊(s − 1)/2⌋. Moreover,
T (1, s, t) has loops when t = 0 and has multiple edges when t = 1, ⌊(s−1)/2⌋,
so we ignore these cases. Since we assume that T (1, s, t) is 3-chromatic, we
also have t ≡ 1 (mod 3). Thus, it suffices to consider only those t in the
range 4 ≤ t ≤ (s − 7)/2. Note that the least value of s for which there
exists some t in the above range and for which gcd(s, t) = 1 = gcd(s, t + 1)
is s = 21.

For simplicity, we label the vertex (1, j) with the integer j (recall that j
is taken modulo s). We shall use the following modifications of the above
coloring scheme.

First, suppose that 7 ≤ t < (s + 1)/4. Fix L0 to be an arbitrary 3-list.
Let L be the list assignment on T (1, s, t) that assigns the lists L0, L1, L2, L3
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Figure 11: Illustration of non-L-colorable 3-list-assignments L on 3-chromatic graphs
T (2, s, t) for s ≥ 12 via G = T (2, 12, 5). Distinct colors denote distinct lists among
L0, L1, L2.
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as follows:

L1 : {s− kt, s− 1− kt : k = 0, 1, 2, 3, 4},
L2 : {s− 2− kt, s− 3− kt : k = 0, 1, 2, 3},
L3 : {s− 4− kt, . . . , s− t+ 1− kt : k = 0, 1, 2, 3},

and any remaining vertices are assigned the list L0. Figure 12(a) illustrates
this list assignment for the graph T (1, 33, 7); the vertices colored lilac, red,
yellow, and blue are assigned the lists L0, L1, L2, and L3, respectively.

Essentially the same arguments as before work in this case as well, so we
omit the details from here onward. Figure 12(b) shows a selected portion
of Figure 12(a) on which a similar argument as in the previous cases can be
applied to show that T (1, 33, 7) is not 3-choosable.

Next, suppose that (s+ 6)/4 ≤ t < (s− 3)/3. Define L as follows:

L1 : {s− kt, s− 1− kt : k = 0, 1, 2, 3, 4},
L2 : {s− 2− kt, s− 3− kt : k = 0, 1, 2, 3, 4},
L3 : {s− 4− kt, s− 5− kt : k = 0, 1, 2, 3, 4}

∪ {s− 6− kt, . . . , 2s− 4t+ 1− kt : k = 0, 1, 2}
∪ {2s− 4t− kt, . . . , 2s− 4t− 5− kt : k = 1, 2}
∪ {2s− 4t− 6− kt, . . . , s− t+ 1− kt : k = 0, 1, 2},

and any remaining vertices are assigned the list L0.
Next, suppose that (s+ 3)/3 < t ≤ (s− 7)/2. Define L as follows:

L1 : {s− kt, s− 1− kt : k = 0, 1, 2, 3, 4},
L2 : {s− 2− kt, s− 3− kt : k = 0, 1, 2, 3, 4},
L3 : {s− 4− kt, s− 5− kt : k = 0, 1, 2, 3, 4}

∪ {s− 6− kt, . . . , 2s− 3t+ 1− kt : k = 0, 1}
∪ {2s− 3t− 2− kt, . . . , s− t+ 1− kt : k = 0, 1},

and any remaining vertices are assigned the list L0.
The remaining cases are when t = 4, (s+1)/4, (s− 3)/3, (s+3)/3. These

are handled by modifying these list assignments appropriately, as we show
in Appendix A.

The proofs of Theorem 1 and Corollary 2 are now complete from the
above results in Sections 5 to 7.

42



1

1

2

2

3

3

4

4

5

5

6

6

7

7

8

8

9

9

10

10

11

11

12

12

13

13

14

14

15

15

16

16

17

17

18

18

19

19

20

20

21

21

22

22

23

23

24

24

25

25

26

26

27

27

28

28

29

29

30

30

31

31

32

32

33

33

27 20 13

26 19 12

(a) T (1, 33, 7)
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(b) Close-up of T (1, 33, 7)

Figure 12: Illustration of non-L-colorable 3-list-assignments L on 3-chromatic graphs
T (1, s, t) for s ≥ 9 and 7 ≤ t < (s + 1)/4 via G = T (1, 33, 7). Distinct colors denote
distinct lists among L0, L1, L2, L3.
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8. Concluding remarks and further questions

In the remarks following the statement of Theorem 1 in Section 1, we
noted that Theorem 1 excludes only a small, finite set of 5-chromatic graphs,
as well as an infinite subset of 4-chromatic graphs, both of the form T (1, s, t).
We shall elaborate on these details now.

8.1. The simple graphs T (r, s, t) for r < 4 or s < 3

We first look at the graphs that are not covered by case (1) in Theorem 1;
these are the graphs T (r, s, t) with r < 4 or s < 3. But, in particular, we need
only be concerned with the choosability of the simple graphs among these,
because if T (r, s, t) is a loopless multigraph, then we may remove the dupli-
cated edges to get a simple d-regular graph for d ≤ 5, which is 5-choosable
by Brooks’s theorem [12, 22, 47], except when the graph is isomorphic to K6

(but this happens only when (r, s) ∈ {(1, 6), (2, 3), (3, 2)}). Moreover, these
graphs can be 5-list colored in linear time [41].

Now, one can check that the graphs T (r, s, t) with s < 3 either contain
loops or multiple edges, so it suffices to assume r < 4 and s ≥ 3.

For r = 3, s ≥ 3, there are no graphs T (3, s, t) with loops or multiple
edges.

For r = 2, s ≥ 3, there are no graphs with loops, and the loopless multi-
graphs are precisely those with t = 0, s − 2, s − 1, so we assume that
1 ≤ t ≤ s− 3. In particular, it suffices to assume that s ≥ 4 in this case.

For r = 1, s ≥ 3, the graph T (1, s, t) is isomorphic to T (1, s, s−t−1), so it
suffices to consider the values of t in the range 0 ≤ t ≤ ⌊(s−1)/2⌋. Then, the
graphs T (1, s, t) with loops are precisely those with t = 0, and the loopless
multigraphs are precisely those with t = 1, ⌊(s− 1)/2⌋. So, when r = 1, we
need only consider the graphs T (1, s, t) with 2 ≤ t ≤ ⌊(s − 1)/2⌋ − 1. In
particular, it suffices to assume that s ≥ 7 in this case.

8.1.1. The graphs T (3, s, t) for s ≥ 3

The three normal circuits for T (3, s, t) have lengths s, 3s/ gcd(s, t) and
3s/ gcd(s, t+3). Again, if either 3s/ gcd(s, t) or 3s/ gcd(s, t+3) is at least 4,
then T (3, s, t) is isomorphic to T (r′, s′, t′) for some r′ ≥ 4, and we are done
by case (1) in Theorem 1. So, assume that both are at most 3. If either one
equals 3, then so does the other, and T (3, s, t) is in fact 3-chromatic in this
case, so it is 5-choosable by case (4) in Theorem 1. So, assume that both are
at most 2. But, it is not possible that both gcd(s, t) and gcd(s, t + 3) equal
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2. Note that all the above 5-list colorings can be found in linear time as well.
The only case left is when T (3, s, t) is isomorphic to T (1, 3s, t′′) and it does
not satisfy any of the cases (1) to (4).

8.1.2. The graphs T (2, s, t) for s ≥ 4

The three normal circuits of T (2, s, t) have lengths s, 2s/ gcd(s, t) and
2s/ gcd(s, t + 2). If either 2s/ gcd(s, t) or 2s/ gcd(s, t + 2) is at least 4,
then T (2, s, t) is isomorphic to T (r′, s′, t′) for some r′ ≥ 4, and so it is 5-
choosable by case (1) in Theorem 1. So, suppose that both 2s/ gcd(s, t) and
2s/ gcd(s, t+2) are at most 3. Note that both cannot be equal to 3 simulta-
neously. If any one equals 2, then so does the other, and this case is covered
by case (3) in Theorem 1. All the above 5-list colorings can clearly be found
in linear time as well. The only case left is when T (2, s, t) is isomorphic to
T (1, 2s, t′′) and it does not satisfy any of the cases (1) to (4).

8.1.3. The graphs T (1, s, t) for s ≥ 7

When s = 7, we have to only consider the case t = 2, and T (1, 7, 2) is
isomorphic to K7, which is both 7-chromatic and 7-list chromatic. When
s = 11, we have to consider the cases t = 2, 3, 4, but in each case the
graph is isomorphic to the 6-chromatic triangulation J of Albertson and
Hutchinson [2] mentioned in Section 1. By Dirac’s map color theorem for
choosability [11], the graph J is also 6-list chromatic. So, assume that s ≥ 8
and s ̸= 11.

As shown by Yeh and Zhu [50], other than a small, finite list of exceptions,
the simple 5-chromatic 6-regular toroidal triangulations are those isomorphic
to T (1, s, 2) for s ̸≡ 0 (mod 4), s ≥ 9, s ̸= 11. Case (2) of Theorem 1 shows
that the graphs T (1, s, 2) for s ≥ 9, s ̸= 11 are all 5-choosable in linear time.
Thus, we obtain an infinite class of 5-chromatic-choosable simple toroidal
triangulations, proving Corollary 2.

Thus, the only graphs that are not covered by Theorem 1 are of the
form T (1, s, t). Moreover, these consist only of the finitely many 5-chromatic
graphs not of the form T (1, s, 2), as well as the 4-chromatic graphs not cov-
ered by cases (1) to (3). We are presently unable to comment on the choos-
ability of these remaining graphs.

8.2. Further questions
As shown by Yeh and Zhu [50], there is a small, finite set of 5-chromatic

graphs of the form T (1, s, t) that are not isomorphic to T (1, s, 2), with the
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largest among them having 37 vertices: these have parameters (s, t) in the
set {(13, 3), (17, 3), (18, 3), (19, 3), (25, 3), (25, 9), (26, 7), (33, 6), (37, 10)}3.
Among these, the graph T (1, 25, 9) is isomorphic to T (5, 5, 2) and so its 5-
choosability is covered by case (1). For the remaining eight graphs, we have
the following natural question:

Question 22. Is χℓ(G) = 5 for the eight 6-regular toroidal triangulations
that are 5-chromatic and not isomorphic to T (1, 25, 9) or T (1, s, 2) for any
s?

In our earlier paper [9], we asked whether any of the 3-chromatic 6-regular
toroidal triangulations are 5-list chromatic. In light of the results in this
paper, we consider a similar question for the 4-chromatic triangulations not
covered in Theorem 1.

Question 23. Is χℓ(G) ∈ {4, 5} for every 4-chromatic 6-regular toroidal
triangulation?

Essentially, we ask whether or not there exists any 4-chromatic 6-list
chromatic graph T (r, s, t).

In our earlier paper [9], we defined the jump of a graph G, jump(G), to
be χℓ(G) − χ(G). There we showed that every loopless 6-regular toroidal
triangulation satisfies jump(G) ≤ 2. The largest jump for any toroidal graph
(which we defined as jump(g) for g = 0) is at least 2 since there exist 3-
chromatic planar graphs that are 5-list chromatic [33, 48]. However, we do
not have any “legitimate” example of a nonplanar toroidal graph G that
satisfies jump(G) = 2.

Question 24. Does there exist a nonplanar toroidal graph G with jump(G) ≥
2 and such that any planar subgraph H of G has jump(H) < 2?

We note that such “legitimate” examples must exist as the genus g in-
creases: we have shown [9] that for connected graphs embeddable on an
orientable surface with genus g > 0, the largest jump among the r-chromatic
graphs is of the order o(√g) when r is of the order o(√g/ log2(g)), so graphs

3The list of these parameters in [50] contains pairs (s, t) that give rise to isomorphic
graphs, for instance (13, 3) as well as (13, 4). It is straightforward to obtain the above list
of nine values for (s, t) from the full list: for instance, see [32, Theorem 4] (though they
mistakenly omit the case (s, t) = (25, 9)).
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with small chromatic number (in particular, any planar graph) cannot be the
sole examples of graphs attaining a large jump on a surface of large genus
g > 0.
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Appendix A. Miscellaneous cases in Theorem 1

We describe 3-list assignments on the 3-chromatic graphs not discussed in
Section 7, in order to show that they are not 3-choosable. Similar arguments
as described in Section 7.4 will show that these graphs are not 3-choosable
for the given list assignments, so we omit the details.

First, consider T (1, s, 4) for s ≥ 21. Let L be the list assignment that
assigns the lists L0, L1, L2, L3 as follows:

L1 : {s− kt, s− 1− kt : k = 0, 1, 2, 3, 4},
L2 : {s− 2− kt : k = 0, 1, 2, 3},
L3 : {s− 3− kt : k = 0, 1, 2, 3},

and any remaining vertices are assigned the list L0. Figure A.15 illustrates
this list assignment for the graph T (1, 21, 4).

Next, consider T (1, s, t) for t = (s+ 1)/4. Define L as follows:

L1 : {s− kt, s− 1− kt : k = 0, 1, 2, 3},
L2 : {s− 2− kt, s− 3− kt : k = 0, 1, 2, 3},
L3 : {s− 4− kt, s− 5− kt : k = 0, 1, 2, 3},

∪ {s− 6− kt, . . . , s− t+ 1 : k = 0, 1, 2},

and any remaining vertices are assigned the list L0. Figure A.16 illustrates
this list assignment for the graph T (1, 27, 7).
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Next, consider T (1, s, t) for t = (s+ 3)/3, s > 27. Define L as follows:

L1 : {s− kt, s− 1− kt : k = 0, 1, 2, 3, 4},
L2 : {s− 2− kt : k = 1, 2, 3, 4},

∪ {s− 3− kt : k = 2, 3, 4}
∪ {s− 4− kt, . . . , s− 6− kt : k = 2, 3}

L3 : {1, s− 2} ∪ {s− 7− kt, . . . , s− 9− kt : k = 1, 2, 3}
∪ {s− 10− kt, . . . , s− 12− kt : k = 1, 2}
∪ {s− 13− kt, . . . , s− t+ 1− kt : k = 0, 1},

and any remaining vertices are assigned the list L0. Figure A.17 illustrates
this list assignment for the graph T (1, 45, 16). The only remaining case for
t = (s + 3)/3 is T (1, 27, 10), which is isomorphic to T (1, 27, 4), so this case
is completed.

Lastly, consider T (1, s, t) for t = (s− 3)/3. By the remarks in Section 2,
we can choose the horizontal normal circuit of T (1, s, t) as the vertical normal
circuit to get that T (1, s, t) is isomorphic to a graph T (1, s, t′) for some 0 ≤
t′ ≤ ⌊(s − 1)/2⌋. A simple calculation shows that either t′ ≡ −(1 + t−1)
(mod s) or t′ ≡ t−1 (mod s). Using s = 3t+3 and the fact that t−1 ≡ 0 ≡ s
(mod 3), we see that t′ ̸= t. Thus, the graph T (1, s, t) is isomorphic to one
of the cases considered earlier, so it is also not 3-choosable.

This covers the 3-chromatic graphs of the form T (1, s, t). The graph
T (2, 6, 2) requires an ad hoc list assignment L as follows:

L1 : {(1, 1), (1, 3), (1, 5), (2, 1)}
L2 : {(1, 2), (1, 4), (1, 6), (2, 6)}
L3 : {(2, 2), (2, 3), (2, 4), (2, 5)}.

Figure A.13 illustrates this list assignment.
The only case left is T (3, 9, 3), which requires an ad hoc list assignment

L as follows:

L1 : {(1, 1), (1, 2), (1, 7), (1, 8), (2, 1), (2, 2), (3, 1), (3, 2)}
L2 : {(1, 3), (1, 4), (1, 9), (2, 3), (2, 4), (3, 3), (3, 4)}
L3 : {(1, 5), (1, 6), (2, 5), (2, 6), (2, 7), (2, 8), (2, 9), (3, 5), (3, 6), (3, 7), (3, 8), (3, 9)}.

Figure A.14 illustrates this list assignment.
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Figure A.13: A non-L-colorable 3-list-assignment on T (2, 6, 2).
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Figure A.14: A non-L-colorable 3-list-assignment on T (3, 9, 3).
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Figure A.15: A non-L-colorable 3-list-assignment on T (1, s, 4) for s = 21.
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Figure A.16: A non-L-colorable 3-list-assignment on T (1, s, (s+ 1)/4) for s = 27.
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Figure A.17: A non-L-colorable 3-list-assignment on T (1, s, (s+ 3)/3) for s = 45.

52



References

[1] M. O. Albertson, J. P. Hutchinson, The three excluded cases of Dirac’s
map-color theorem, Ann. New York Acad. Sci. 319 (1) (1979) 7–17.
doi:10.1111/j.1749-6632.1979.tb32768.x.

[2] M. O. Albertson, J. P. Hutchinson, On six-chromatic toroidal graphs,
Proc. Lond. Math. Soc., Third Ser. 41, part 3 (1980) 533–556. doi:
10.1112/plms/s3-41.3.533.

[3] N. Alon, Restricted colorings of graphs, in: K. Walker (Ed.), Sur-
veys in Combinatorics, 1993, Vol. 187 of Lond. Math. Soc. Lect.
Note Ser., Camb. Univ. Press, Camb., 1993, pp. 1–34. doi:10.1017/
CBO9780511662089.002.

[4] N. Alon, Combinatorial Nullstellensatz, Comb. Probab. Comput. 8 (1–2)
(1999) 7–29. doi:10.1017/S0963548398003411.

[5] N. Alon, M. Tarsi, Colorings and orientations of graphs, Combinatorica
12 (2) (1992) 125–134. doi:10.1007/BF01204715.

[6] A. Altshuler, Hamiltonian circuits in some maps on the torus, Discrete
Math. 1 (4) (1972) 299–314. doi:10.1016/0012-365X(72)90037-4.

[7] A. Altshuler, Construction and enumeration of regular maps on
the torus, Discrete Math. 4 (3) (1973) 201–217. doi:10.1016/
S0012-365X(73)80002-0.

[8] L. Babai, Vertex-transitive graphs and vertex-transitive maps, J. Graph
Theory 15 (6) (1991) 587–627. doi:10.1002/jgt.3190150605.

[9] N. Balachandran, B. Sankarnarayanan, The choice number versus the
chromatic number for graphs embeddable on orientable surfaces, Elec-
tron. J. Comb. 28 (4) (2021) 1–20, article no. P4.50. arXiv:2102.06993,
doi:10.37236/10263.

[10] N. Balachandran, B. Sankarnarayanan, 5-list coloring toroidal 6-regular
triangulations in linear time, in: A. Bagchi, R. Muthu (Eds.), Al-
gorithms and Discrete Applied Mathematics, Vol. 13947 of Lecture
Notes in Computer Science, Springer, Cham, 2023, pp. 134–146. doi:
10.1007/978-3-031-25211-2\_10.

53

https://doi.org/10.1111/j.1749-6632.1979.tb32768.x
https://doi.org/10.1112/plms/s3-41.3.533
https://doi.org/10.1112/plms/s3-41.3.533
https://doi.org/10.1017/CBO9780511662089.002
https://doi.org/10.1017/CBO9780511662089.002
https://doi.org/10.1017/S0963548398003411
https://doi.org/10.1007/BF01204715
https://doi.org/10.1016/0012-365X(72)90037-4
https://doi.org/10.1016/S0012-365X(73)80002-0
https://doi.org/10.1016/S0012-365X(73)80002-0
https://doi.org/10.1002/jgt.3190150605
https://arxiv.org/abs/2102.06993
https://doi.org/10.37236/10263
https://doi.org/10.1007/978-3-031-25211-2_10
https://doi.org/10.1007/978-3-031-25211-2_10


[11] T. Böhme, B. Mohar, M. Stiebitz, Dirac’s map-color theorem for choos-
ability, J. Graph Theory 32 (4) (1999) 327–339. doi:10.1002/(SICI)
1097-0118(199912)32:4<327::AID-JGT2>3.0.CO;2-B.

[12] R. L. Brooks, On colouring the nodes of a network, Proc. Camb. Philos.
Soc. 37 (2) (1941) 194–197. doi:10.1017/S030500410002168X.

[13] L. Cai, W. F. Wang, X. Zhu, Choosability of toroidal graphs without
short cycles, J. Graph Theory 65 (1) (2010) 1–15. doi:10.1002/jgt.
20460.

[14] N. Chenette, L. Postle, N. Streib, R. Thomas, C. Yerger, Five-coloring
graphs on the Klein bottle, J. Comb. Theory, B 102 (5) (2012) 1067–
1098. arXiv:1201.5361, doi:10.1016/j.jctb.2012.05.001.

[15] R. Cole, K. Ost, S. Schirra, Edge-coloring bipartite multigraphs in
O(E logD) time, Combinatorica 21 (1) (2001) 5–12. doi:10.1007/
s004930170002.

[16] K. L. Collins, J. P. Hutchinson, Four-coloring six-regular graphs on the
torus, in: P. Hansen, O. Marcotte (Eds.), Graph Colouring and Appli-
cations, Vol. 23 of CRM Proc. Lect. Notes, Am. Math. Soc., R. I., 1999,
pp. 21–34. doi:10.1090/crmp/023/02.

[17] K. K. Dabrowski, F. Dross, M. Johnson, D. Paulusma, Filling the com-
plexity gaps for colouring planar and bounded degree graphs, J. Graph
Theory 92 (4) (2019) 377–393. arXiv:1506.06564, doi:10.1002/jgt.
22459.

[18] D. P. Dailey, Uniqueness of colorability and colorability of planar 4-
regular graphs are NP-complete, Discrete Math. 30 (3) (1980) 289–293.
doi:10.1016/0012-365X(80)90236-8.

[19] Z. Dvořák, K. Kawarabayashi, List-coloring embedded graphs, in:
S. Khanna (Ed.), Proceedings of the Twenty-Fourth Annual ACM-SIAM
Symposium on Discrete Algorithms. New Orleans, LA, January 6–8,
2013, SODA, ACM, N. Y., 2013, pp. 1004–1012. arXiv:1210.7605,
doi:10.1137/1.9781611973105.72.

54

https://doi.org/10.1002/(SICI)1097-0118(199912)32:4<327::AID-JGT2>3.0.CO;2-B
https://doi.org/10.1002/(SICI)1097-0118(199912)32:4<327::AID-JGT2>3.0.CO;2-B
https://doi.org/10.1017/S030500410002168X
https://doi.org/10.1002/jgt.20460
https://doi.org/10.1002/jgt.20460
https://arxiv.org/abs/1201.5361
https://doi.org/10.1016/j.jctb.2012.05.001
https://doi.org/10.1007/s004930170002
https://doi.org/10.1007/s004930170002
https://doi.org/10.1090/crmp/023/02
https://arxiv.org/abs/1506.06564
https://doi.org/10.1002/jgt.22459
https://doi.org/10.1002/jgt.22459
https://doi.org/10.1016/0012-365X(80)90236-8
https://arxiv.org/abs/1210.7605
https://doi.org/10.1137/1.9781611973105.72


[20] Z. Dvořák, K. Kawarabayashi, R. Thomas, Three-coloring triangle-free
planar graphs in linear time, ACM Trans. Algorithms 7 (4) (2011) 1–14,
article no. 41. arXiv:1302.5121, doi:10.1145/2000807.2000809.

[21] Z. Dvořák, L. Postle, On decidability of hyperbolicity, Combinatorica
42 (1, supplement issue) (2022) 1081–1098. arXiv:2010.01634, doi:
10.1007/s00493-022-4891-8.

[22] P. Erdös, A. L. Rubin, H. Taylor, Choosability in graphs, in: P. Z. Chinn,
D. McCarthy (Eds.), Proceedings of the West Coast Conference on Com-
binatorics, Graph Theory and Computing. Humboldt State University,
Arcata, California, September 5–7, 1979, Vol. 26 of Congr. Numer., Util.
Math. Publ. Inc., Manit., 1980, pp. 125–157.

[23] H. Fleischner, M. Stiebitz, A solution to a colouring problem of P. Erdős,
Discrete Math. 101 (1–3) (1992) 39–48. doi:10.1016/0012-365X(92)
90588-7.

[24] F. Galvin, The list chromatic index of a bipartite multigraph, J. Comb.
Theory, B 63 (1) (1995) 153–158. doi:10.1006/jctb.1995.1011.

[25] H. C. Grötzsch, Zur Theorie der diskreten Gebilde VII: Ein Dreifarben-
satz für dreikreisfreie Netze auf der Kugel, Wiss. Z. Martin-Luther-Univ.
Halle-Wittenberg, Math.-Natur. Reihe 8 (1) (1958) 109–120.

[26] S. Gutner, The complexity of planar graph choosability, Discrete
Math. 159 (1–3) (1996) 119–130. arXiv:0802.2668, doi:10.1016/
0012-365X(95)00104-5.

[27] K. Kawarabayashi, D. Král’, J. Kynčl, B. Lidický, 6-critical graphs on
the Klein bottle, SIAM J. Discrete Math. 23 (1) (2009) 372–383. doi:
10.1137/070706835.

[28] S. Khanna, N. Linial, S. Safra, On the hardness of approximating the
chromatic number, Combinatorica 20 (3) (2000) 393–415. doi:10.1007/
s004930070013.

[29] H. A. Kierstead, On the choosability of complete multipartite graphs
with part size three, Discrete Math. 211 (1–3) (2000) 255–259. doi:
10.1016/S0012-365X(99)00157-0.

55

https://arxiv.org/abs/1302.5121
https://doi.org/10.1145/2000807.2000809
https://arxiv.org/abs/2010.01634
https://doi.org/10.1007/s00493-022-4891-8
https://doi.org/10.1007/s00493-022-4891-8
https://doi.org/10.1016/0012-365X(92)90588-7
https://doi.org/10.1016/0012-365X(92)90588-7
https://doi.org/10.1006/jctb.1995.1011
https://arxiv.org/abs/0802.2668
https://doi.org/10.1016/0012-365X(95)00104-5
https://doi.org/10.1016/0012-365X(95)00104-5
https://doi.org/10.1137/070706835
https://doi.org/10.1137/070706835
https://doi.org/10.1007/s004930070013
https://doi.org/10.1007/s004930070013
https://doi.org/10.1016/S0012-365X(99)00157-0
https://doi.org/10.1016/S0012-365X(99)00157-0


[30] J. Kleinberg, É. Tardos, Algorithm Design, 1st Edition, Pearson Educ.
Inc., Harlow, Essex, 2014.

[31] Z. Li, Z. Shao, F. Petrov, A. Gordeev, The Alon–Tarsi number of a
toroidal grid, Eur. J. Comb. 111 (2023) 1–7, article no. 103697, preface
by Xuding Zhu. doi:10.1016/j.ejc.2023.103697.

[32] M. Meszka, R. Nedela, A. Rosa, Circulants and the chromatic index of
Steiner triple systems, Math. Slovaca 56 (4) (2006) 371–378.
URL http://hdl.handle.net/10338.dmlcz/132907

[33] M. Mirzakhani, A small non-4-choosable planar graph, Bull. Inst. Comb.
Appl. 17 (1996) 15–18.

[34] B. Mohar, Colouring graphs on surfaces, in: L. W. Beineke, R. J. Wilson
(Eds.), Topics in Chromatic Graph Theory, Vol. 156 of Encyclopedia
Math. Appl., Cambridge Univ. Press, Cambridge, 2015, pp. 13–35. doi:
10.1017/CBO9781139519793.004.

[35] S. Negami, Uniqueness and faithfulness of embedding of toroidal graphs,
Discrete Math. 44 (2) (1983) 161–180. doi:10.1016/0012-365X(83)
90057-2.

[36] V. Neumann Lara, Seminucleos de una digrafica [Seminuclei of a di-
graph], Anales del Instituto de Matemáticas (Universidad Nacional
Autónoma de México) 11 (1971) 55–62.

[37] L. Postle, Linear-time and efficient distributed algorithms for list col-
oring graphs on surfaces, in: D. Zuckerman (Ed.), Proceedings of the
2019 IEEE 60th Annual Symposium on Foundations of Computer Sci-
ence: Baltimore, MD, November 9–12, 2019, FOCS, IEEE Comput.
Soc. Press, Los Alamitos, CA, 2019, pp. 929–941. arXiv:1904.03723,
doi:10.1109/FOCS.2019.00060.

[38] L. Postle, R. Thomas, Hyperbolic families and coloring graphs on sur-
faces, Trans. Am. Math. Soc., B 5 (2018) 167–221. arXiv:1609.06749,
doi:10.1090/btran/26.

[39] M. Richardson, Solutions of irreflexive relations, Ann. Math., Second
Ser. 58 (3) (1953) 573–590. doi:10.2307/1969755. Errata, 60 (3) (1954)
595. doi:10.2307/1969760.

56

https://doi.org/10.1016/j.ejc.2023.103697
http://hdl.handle.net/10338.dmlcz/132907
http://hdl.handle.net/10338.dmlcz/132907
http://hdl.handle.net/10338.dmlcz/132907
https://doi.org/10.1017/CBO9781139519793.004
https://doi.org/10.1017/CBO9781139519793.004
https://doi.org/10.1016/0012-365X(83)90057-2
https://doi.org/10.1016/0012-365X(83)90057-2
https://arxiv.org/abs/1904.03723
https://doi.org/10.1109/FOCS.2019.00060
https://arxiv.org/abs/1609.06749
https://doi.org/10.1090/btran/26
https://doi.org/10.2307/1969755
https://doi.org/10.2307/1969760


[40] B. Sankarnarayanan, Note on 4-coloring 6-regular triangulations on the
torus, Ann. Comb. 26 (3) (2022) 559–569. arXiv:2106.01037, doi:
10.1007/s00026-022-00573-8.

[41] S. Skulrattanakulchai, ∆-list vertex coloring in linear time, Inf. Process.
Lett. 98 (3) (2006) 101–106. doi:10.1016/j.ipl.2005.12.007.

[42] J. L. Szwarcfiter, G. Chaty, Enumerating the kernels of a directed graph
with no odd circuits, Inf. Process. Lett. 51 (3) (1994) 149–153. doi:
10.1016/0020-0190(94)00072-7.

[43] C. Thomassen, Tilings of the torus and the Klein bottle and vertex-
transitive graphs on a fixed surface, Trans. Am. Math. Soc. 323 (2)
(1991) 605–635. doi:10.2307/2001547.

[44] C. Thomassen, Five-coloring graphs on the torus, J. Comb. Theory, B
62 (1) (1994) 11–33. doi:10.1006/jctb.1994.1052.

[45] C. Thomassen, Every planar graph is 5-choosable, J. Comb. Theory, B
62 (1) (1994) 180–181. doi:10.1006/jctb.1994.1062.

[46] C. Thomassen, Color-critical graphs on a fixed surface, J. Comb. Theory,
B 70 (1) (1997) 67–100. doi:10.1006/jctb.1996.1722.

[47] V. G. Vizing, Raskraska vershin grafa v predpisannye cveta [Coloring
the vertices of a graph in prescribed colors], Metody Diskretnogo Anal-
iza v Teorii Kodov i Shem (Institut Matematiki Sibirskoe Otdelenie,
Akademiya Nauk SSSR, Novosibirsk) 29 (1976) 3–10.

[48] M. Voigt, B. Wirth, On 3-colorable non-4-choosable planar graphs,
J. Graph Theory 24 (3) (1997) 233–235. doi:10.1002/(SICI)
1097-0118(199703)24:3<233::AID-JGT4>3.0.CO;2-Q.

[49] D. B. West, Introduction to Graph Theory, 2nd Edition, Pearson Educ.
(Singap.) Pte. Ltd., Indian Branch, 482 F.I.E. Patparganj, Delhi 110
092, India, 2002.

[50] H.-G. Yeh, X. Zhu, 4-colorable 6-regular toroidal graphs, Discrete Math.
273 (1–3) (2003) 261–274. doi:10.1016/S0012-365X(03)00242-5.

57

https://arxiv.org/abs/2106.01037
https://doi.org/10.1007/s00026-022-00573-8
https://doi.org/10.1007/s00026-022-00573-8
https://doi.org/10.1016/j.ipl.2005.12.007
https://doi.org/10.1016/0020-0190(94)00072-7
https://doi.org/10.1016/0020-0190(94)00072-7
https://doi.org/10.2307/2001547
https://doi.org/10.1006/jctb.1994.1052
https://doi.org/10.1006/jctb.1994.1062
https://doi.org/10.1006/jctb.1996.1722
https://doi.org/10.1002/(SICI)1097-0118(199703)24:3<233::AID-JGT4>3.0.CO;2-Q
https://doi.org/10.1002/(SICI)1097-0118(199703)24:3<233::AID-JGT4>3.0.CO;2-Q
https://doi.org/10.1016/S0012-365X(03)00242-5

	Introduction
	Motivation
	k-choosability is computationally hard
	L-coloring is algorithmically hard

	Our work
	Related work
	Colorability vs. choosability
	Choosability of grids
	Recent algorithmic advances for list colorings of graphs on surfaces


	Preliminaries
	Outline of the proof of Theorem 1
	Preparation for the proof of case (1) in Theorem 1
	Proof of case (1) in Theorem 1
	Proofs of cases (2) and (3) in Theorem 1
	Proof of case (4) in Theorem 1
	The graphs T(r, s, t) for r >= 4, s >= 3
	The graphs T(2, s, t) for s >= 6
	The graphs T(3, s t) for s >= 3
	The graphs T(1, s, t) for s >= 9

	Concluding remarks and further questions
	The simple graphs T(r, s, t) for r < 4 or s < 3
	The graphs T(3, s, t) for s >= 3
	The graphs T(2, s, t) for s >= 4
	The graphs T(1, s, t) for s >= 7

	Further questions

	Miscellaneous cases in Theorem 1

